l loclu(m[ii; ¥ M@.

with Colin M Diarmid



‘ lOd\A(Q.! II; ‘meas of hows We’/ a graPh con be C.(us*e,\"eol\

51"0\#. G, m nges /(2 ZA, )y Ak% vertex  porftion
score of IDMHuh /4) 7/4(6) =
moduladd, o & ?” (6) = V"‘A""‘ 7/4 (6’)

G :(\/ £ > E each ed\%g

i PR gt i proke
P.'CI< each

1\ edse prob. /o

) anz,a\ %\"m[ﬂh

D)
G
A
N

!



ngdi@

=if\7 12 oach edao
) Efk&r* B p
G
P

P;CI< eou:h
1\ edoge prob. P

G:<\//E) P]Xe,o\ %rmroh
G @

GVQ.Y\ G; €> 0 L whlch P is nL frue

it preb s BT ) .
/ ZYGP) = i* ( G) / < &£ (Z*(GF> ______ I .



Thm [M‘D+S] Ver0  Je=cfe)

for graph & - if then w. prob>i-€  qt(6p) > 4(6) €
constant p
. if “ s T‘(Gr) < Oi‘(G) +E

T(GF) [i ‘T((’)

(G_ ) 2 e{é - Vo[(A\
?A ‘ed 35Acon+r b olegfc tox F



Thm [M‘D+S] Ver0  Je=cfe)

. (6) > 9(G) -¢
o then w. Fro\oﬂ € 7 P 01

forf)r"f’hé o | " ¥(G—)+S
constant p ; “ " T( r %

1E 1
: e

5 A - el e(G) p

WOz 5 o



Thm [M‘D+S] Ver0  Je=cfe)

for gro}th— . if
constant p
. |-F

’I‘F

e

then w. Frobﬂ—i T(Gf) > Gr(G')—E

ﬁx(ér) < f(G) +&

can construct A

ﬂiven A,
W. rrobﬂ—i OXA(G) 4 ‘-ZA(Gr) -¢

6) Zx B "
(ZA "eAacAcorrH:lo"_ aegrfén ‘)hxx“



Simuladions
Sirmulodion

ol rh'm Network EL\SGEAMJ

Estimated modularity of sampled graph
1.0

08 5 ol %
05 : = % S & =
|v] =62 [E[=152 §: g4
T‘(G)= O-527... (8 dec paceq)
[&M + '08] 0.2
0.0 T T T T T T T T T

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9



l IOCL\A[G.I II; ’MQO“S G‘Dhow b\’d/ Q %rafzh can ke c_lus-ke,r‘eo{\

51"&#; G, m nges /(2 {A,, "')Ak% vertex  portition
Score o‘F /OMH'iuh /4) YA(é.):

G moduladl, & T’ (6) = YV‘/EX iA(G)
= (A) = vol(AY
?A(G> %— QW (2m)° dy = #edges incident -La u
6(A\: :Hie_dses in set A

vol(A\Z z du
ue A



Hoclu(a[i;l; Meas ofhao well o graph can ke clastered

N 5raf:4 G, m =dges /(={A,, <AL verkx portition
Ay 2 score of /OMH‘ibh /4, 7’4(6) =
A’b G Mocxw\o«rﬂ\’ &£ & i"’ (6) = m/ﬁx 2’4 (6’)

%ﬁf%@‘mf

Fx A, which G> G  ensures

5908 /|
00-0¢ @ 06,06

O0H-000 x ¢



l IOCL\A[G.I II; ’MQO“S G‘Dhow b\’d/ Q %rafzh can ke c_lus-ke,r‘eo{\

N 5raf:4 G, m =dges /(={A,, <AL verkx portition
Ay 2 score of /OMH‘ibh /4, 7’4(6) =
A’b G Mocxw\o«rﬂ\’ &£ & i"’ (6) = m/ﬁx 2’4 (6’)

Fix A, which G> G ensures “) > ?A(G) ?

GO-09 /.,
B0-00/
009060 *

N
9C 0-0 -
45 60,00
s



Modularity Froperties

) gobus+ fo  small Perfurlmhons in edse sef

¥ _ AY v 7_IEI
’ci © =9 (\E)| < ()

i-y (6') > f— 13 ﬁ CAY\Y of -Fo“ow}nj L\olo( ?* (6-) <t l'g: O\V‘Y of ‘Fo“ow‘nj I’\Dlo(

o Connected components in G all <ge@) edges e NG < € where MNG) s specival

gop of Lap( acian of G
o HA with #edges between r)m—fs S %E(G) NB r—re%v\]aur- G‘, /\\(6'):—"—_?\/\#%( lAI(Aﬁhl
and VAA  vol(A) < g vel(G)

——pe,

» ¥Xev(e), e(X, X) v 2(1-€) vol (X) vel (X)
G vol(G) vol(G)

e no Subc_;)raph Hee ) H 6’€Kfnnder, eH)> 5 e(G)

¢
(Lour) @ @
X X

= Z Q{A‘ - M_z
?A(G)“&*AéA W. . (2m)2 .
9e contrb.  clegree fux



Thm [M‘D+S] Ver0  Je=cfe)

for gro}th— . if
constant p
. |-F

’I‘F

e

then w. Frobﬂ—i T(Gf) > Gr(G')—E

ﬁx(ér) < f(G) +&

can construct A

ﬂiven A,
W. rrobﬂ—i OXA(G) 4 ‘-ZA(Gr) -¢

6) Zx B "
(ZA "eAacAcorrH:lo"_ aegrfén ‘)hxx“



; SIDE: - Loap - Bacancive
[DEA OF PRrooF: opprox QF ["""“’““‘ with  ‘well-lhosed r“n A 0 AL /

: X=(%, -y Xn w0 Zxe
Thm [Dinh*Thai].‘ ﬁOr k Posl'l'ive in-{-gsgr (:c x.) X;%»0 .

P

e A s for G i vel(A)2 1) vol(G) OBSW;(z)z Lo e

9 @ Faﬁeninﬁ Lemma: Given /\ Pmrl'\lr;on of G con constryct Q

/\' rl-{*mt st A refinement of A
9u(G) > (G ) - I

what s the larﬁesf o« 5.t

¥(z)> «(1-Zx) i

(6)* Aéz erféi _ vol(AY
?A ‘ed 5CALQn-l-r b oleﬂ(i-_m Hox”



. SIDE: - Loap - Baancine:
[DEA OF PRrooF: opprox opt Por%on with  ‘wel\-\ehoved parfition A

: X=(%, -y Xn w0 Zxe
Thm [Dinh*Thai].‘ ﬁOr k Posl'l'ive in-{-gsgr (:c x.) X;%»0 .

i

G
TP A |S ‘For G_ )‘F VO{ (A) S VO’(G—) OBSUVC l
,"l X(:_Z))T_—miazz-,

9 @ Faﬁeninﬁ Lemma: Given /\ Pmrl'\lr;on of G con constryct Q

/\' Q-{n{— st A refinement of A
9u(G) > (G ) - I

what s the lm-ﬁe_sf & st

¥z)» «(l-Zx)

o
UN
=

¥EEN=5 = 30-3)

% 5
Ljreedy odg
X% .y X
cink AR =g

° 5+E-P i add x; '{'O
Smaller |neQP

()= éZ elA) - vol(AY il )
(ZA “eAggAch:L"_ o‘egfyz‘-a\x' Qchieves 73



[DEA OF ProoF: opprox o“." For}'\’ﬁon with  wel\-behaved' rwl\-\-\or\

Thm [ Dh#Thai ] :  for k POS\'I'iVe infeger

; i W) F(E0- %)
r

Te A s for G i vol(A)> 1) vol(®)
G Faﬁening Lemma: Given /\ Pmrl'\lr;on of G con construct
/\' Q-{n{— st A refinement of A
9u(G) > (G ) - I
BAD EVENTS
B: JAsV sk B: IA sk W
G ef I;:-WGP)
Te Tp :

ru©)

5

(6_):‘ AZ, er{“_A\ - vol(A\_iZ
?A ‘ed ae,Aczn-l-r'-L"_ ok (32{\ ‘)f‘o\x“

AsiDE:  Loap - Bawancine
X=(%, o, Xa) X0 X
X z = n x; - 3
let: ¥(Z)=pas, m {a{:r | EIXE
obsesve
X(;)) 'li - miﬂl x;
Q_ what s the larﬁeﬂ' % st

X(i)} d(’ —in.,‘)

K< g
¥EEN=5 = 30-3)
oA 5
3reed7 odg
£ X%y X
cint AR =g

« step i add x; fo
smaller IneQP

5 |
achieves «»3



OPEN - LIMITS: et gl(nlc)—; [E((T(G_n'%»
Conj [MD+5] : Veol, q'(n,c\ ferds  +o a lmit (1(4 as  h-> 00

(i) for0<c<1,
IF conj g(n,c) > qlc)=1 asn— o0
110”5 ‘Hr\en (i) 0<g(e)<lfore>1

(iii) q(c) = O(c” 5) A S

(iv

)
)
)
(v)

q
d(c) is (uniformly) continuous for ¢ € (0, 0o)
q

(c) is non-increasing for ¢ € (0, c0)

S elA) - vol(AY
?A(G) ACA ™ (M .
edac wontrib’ O‘e-qmc-h;\x



OPEN - LIMITS: et gl(nlc)—; HE(‘T(GY\,%»
Conj [MD+5] : Veol, q'(n,c\ ferds  +o a lmit q(c) as  h-> 00

(i) for0<c<1,
IF conj g(n,c) > qlc)=1 asn— o0
;‘O{JS ‘qun (i) 0<g(e)<lfore>1

(iii) q(c) = O(c” 5) A S

(iv

)
)
)
(v)

q
d(c) is (uniformly) continuous for ¢ € (0, 0o)
q

(c) is non-increasing for ¢ € (0, c0)

OPEN - FIVE PARTS
\ i i : = o* ne w
Con) [Relcharthorﬂ'olo(f 06 ] : T)\TE 7A( Gn,%) 7 (G ,n) hp

Gio-“‘\' Comp on  oCe)n  verd lineox! 'M\ny

With ls(.-.)m "'"3“5 150\oded vertices

(G) Z e{A\ —Vo((A\) o)t as c¢='0Q v e.dags
WOl sz = pe )

eAac wontrily’ oleqrec Tox



OPEN - LIMITS: et gl(nlc)—; HE(‘T(GY\,%»
Conj [MD+5] : Veol, q'(n,c\ ferds  +o a lmit q(c) as  h-> 00

(i) for0<c<1,
I‘F COnJ q(n, C)‘—> gle)=1 as n — 0o
;‘O{JS ‘qun (i) 0<g(e)<lfore>1
(iii) q(c) = O(c” 5) A S

(iv

)
)
)
(v)

q
d(c) is (uniformly) continuous for ¢ € (0, 0o)
q

(c) is non-increasing for ¢ € (0, c0)

OPEN - FIVE PARTS
\ i i : = o* ne w
Con) [Relcharthorﬂ'olo(f 06 ] : T)\TE 7A( Gn,%) 7 (G ,n) hp

C’r\,% 11 wl\?:

Co"'j [HCD+5]: ;“( (\<=5?.) st V&0 3¢, and Vero

Gioi\'\' Co a
a Gn.g > q° G'\.E)(' ~ & "P on oaIn  vert lineorly  man
Wik 7A( )2 (G ) uith peym  edges 150\0&1& s
?A(G.) AZA’ er{f\\‘ = VD((A\) d(°\4 t as C—)'m By “ 3»43{5
( W\ v p(r.) =\

eAac ontrik' oleq.—m +ux



