
Networks

Modelling Complex Systems

Some of this lecture is adapted from: 
Albert and Barabasi, Reviews of Modern Physics 74 (2002)  
M. Barthelemy, Physics Reports 499 (2011) 
Newman, Networks (2011) 
-previous slides of David Sumpter.



Networks
 Things with connections 



Networks
•  Things with connections 
•  Or, “real life” graphs 
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Networks
Can be weighted or unweighted 
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Networks
Can be directed or undirected 
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Networks
Can be connected or disjoint 
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Networks
Can be planar or non-planar 
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Real-world Networks
Planned networks



Real-world Networks

Commuter rail network in 
Boston area. 

Physical and planar.



Toshi Nakagaki and co-workers



Real-world Networks

Slime mould Tokyo Engineers



Real-world Networks



Real-world Networks



Representing Networks
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Representing Networks
Adjacency matrix Aij 
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Representing Networks
Adjacency matrix Aij 

1

2

3

4

5

0 1 0 0 0

0 0 0 0 0

0 1 0 1 0

1 0 1 0 0

0 0 0 1 0

Source 

Destination

In-degree

i=1

i=5

j=1 j=5

1 2 1 2 0

1

0

2

2

1

out-degree

Another handy property: (An)ij tells us whether you can go from i to j in n steps



Other networks

• Hypergraph 
• Multi-layer Network 
• Temporal Network



Five (of many) network measures

• Average degree 
• Degree distribution 
• Mean path length 
• Clustering coefficient 
• Maximum modularity/  

Community partitions 

…….



Degree and average degree

c =
1
𝑛 ∑

𝑖,𝑗
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same for in and out degree

𝑘𝑖𝑛
𝑖 = ∑

𝑗=1

𝐴𝑖𝑗
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The average degree is



Degree distribution
How many people follow you on Twitter.

Degree distribution p(k) tells us how the connectedness varies between 
nodes



Degree distribution
How many people you follow on Twitter.

Degree distribution p(k) tells us how the connectedness varies between 
nodes



Friendship Paradox

https://opinionator.blogs.nytimes.com/2012/09/17/friends-you-can-count-on/







Mean path length
• Find shortest path between all pairs i,j 

• The mean path length l is the mean of each 

• Measures degrees of separation 

(Diameter = longest path length) 
 



Distance between two random 
individuals

 
 

 

https://www.youtube.com/watch?v=jO4cnPRMRBA
https://www.youtube.com/watch?v=jO4cnPRMRBA
https://www.youtube.com/watch?v=jO4cnPRMRBA


Mean path length



Network Measures
Clustering coefficient 
• C =       3 x number of closed triangles 
                    number of connected triplets 

    = probability that nodes a and b are connected if both have a 
common neighbour c 

• High in social networks. You are friends with your friends 
friends. 

 

C = 6 / 8



Lattice networks

•  All internal nodes have the same degree 

•  High C        (~ constant) 

•  High mean path length (increases as n1/d) 





Networks - community partition

Network: nodes are countries, weight of each link is volume of trade between countries.

4

Communities of interest

 
Garcia-Pérez, 2016



Networks - community partition

Network: dolphins of doubtful sound, NZ, links between dolphins ‘often’ seen together.

3

4

Communities of interest

Lusseau PhD Thesis, 
Newman & Girvan, Finding and evaluating community structure in networks, Phys Rev E, 2004

group splitting is included also.
The split into two groups appears to correspond to a

known division of the dolphin community !39". Lusseau re-
ports that for a period of about two years during observation
of the dolphins they separated into two groups along the
lines found by our analysis, apparently because of the disap-
pearance of individuals on the boundary between the groups.
When some of these individuals later reappeared, the two
halves of the network joined together once more. As Lusseau
points out, developments of this kind illustrate that the dol-
phin network is not merely a scientific curiosity but, like
human social networks, is closely tied to the evolution of the
community. The subgroupings within the larger half of the
network also seem to correspond to real divisions among the
animals: the largest subgroup consists almost of entirely of
females and the others almost entirely of males, and it is
conjectured that the split between the male groups is gov-
erned by matrilineage !D. Lusseau #personal communica-
tion$".
Figure 12 shows the community structure of the network

of interactions between major characters in Victor Hugo’s
sprawling novel of crime and redemption in post-restoration

FIG. 11. Community structure in the bottlenose dolphins of
Doubtful Sound !38,39", extracted using the shortest-path version of
our algorithm. The squares and circles denote the primary split of
the network into two groups, and the circles are subdivided further
into four smaller groups as shown. The modularity for the split is
Q!0.52. The network has been drawn with longer edges between
vertices in different communities than between those in the same
community, to make the community groupings clearer. The same is
also true of Figs. 12 and 13.

FIG. 12. The network of interactions between major characters in the novel Les Misérables by Victor Hugo. The greatest modularity
achieved in the shortest-path version of our algorithm is Q!0.54 and corresponds to the 11 communities shown.

M. E. J. NEWMAN AND M. GIRVAN PHYSICAL REVIEW E 69, 026113 #2004$

026113-12



Networks - community partition

Network: links between blogs on climate change
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As stepping stone: - analyse use of language in climate change debate

Elgesem, Steskal & Diakopoulos 2015



Networks - community partition

Network: links between blogs on climate change
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Mathematics of community partitions

Define a score! “Modularity”

Edge contribution/Coverage Degree tax



Networks - community partition

Introduction Edge Expansion & Random Cubic Lattices Open Questions

Edge contribution Degree tax
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Networks - community partition
Introduction Edge Expansion & Random Cubic Lattices Open Questions
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Modelling Networks with (random) graphs
• Lattice graphs 

• Erdos-Renyi random graph 

• Chung-Lu random graph 

• Configuration model 

• Preferential attachment model 

• KPKVB model - random hyperbolic graph 



 

 

• KPKVB model - random hyperbolic graph

• Krioukov-Papadopoulos-Kitsak-Vahdat-Boguñá 

• Power law degree distribution 

• Clustering coefficient 

Müller and Fountoulakis, Law of large numbers for the largest component in a hyperbolic model of complex networks, 2018



 

 

• KPKVB model - random hyperbolic graph

• Hyperbolic plane curvature -alpha^2

Müller and Fountoulakis, Law of large numbers for the largest component in a hyperbolic model of complex networks, 2018



Random graph

Every pair of nodes i,j is connected with     
probability q. Total of n nodes  

• Binomial degree distribution, c = q(n-1) 

•  Low C          = c/n 

•  Low mean path length l  ~ log(n) 



Real networks



Small world network
•  Watts & Strogatz model interpolates between a 

structured and random network 

•  Low diameter + high clustering = small world

Watts and Strogatz, Nature 393 (1998)



Power law network 



Power law network 



Power law network 

• Robust to random 
failures.  

• Susceptible to attack

Links removed

Network w


