Learning on graphs : phase transitions.

We give an example of the sort of question we will look at. The idea is to ‘hide’ some structure
within a high-dimensional random object. We may then ask if we can detect this, i.e. whether we can
distinguish the vanilla random object from the random object plus planted structure, also if we may
recover, i.e. ‘find’ the planted structure from within the random object.

A favourite combinatorial random object is the Erdés-Rényi random graph, G, 1/, take n vertices
and between each pair of vertices independently place an edge with probability 1/2. We are interested
in the typical behaviour for large n. The structure we plant is a clique, i.e. between a subset K of
the vertices of the graph, we place all the possible edges. Now, the random graph G/, 1 without the
planted structure will naturally have some cliques by chance, and indeed the largest of these will have
size approximately 2logyn with probability tending to 1 as n — 00; which suggests it might not be
possible to detect or recover a planted structure of size smaller than 2log, n. This turns out to be true,
as we shall see. Interestingly, there is another phase transition. Fast algorithms finding the clique, e.g.
picking the vertices of highest degrees, are only known when the planted clique has size about n'/? or
higher; which is considerably larger than 2log, n. There is some ‘evidence’ that this n/2 threshold is
fundamental: by evidence we mean rigorous statements we can prove which suggest that there are no
polynomial time algorithms.

These ideas will be made precise in the course as we investigate what forms this evidence can take.
We illustrate the techniques on three running examples, planted clique, as described above, as well a
generalisation of it planted dense subgraph, and a Gaussian planted structure problem biclustering -
see Appendix [A] for a list and the phase transitions in each model. This area is very active and many
of the techniques and results presented here have been developed within the last decade.

1 Phase transitions in random graphs

1.1 Graphs and random graphs

Define a (simple) graphElg = (V, E) to be a set of labelled vertices [n] = {1,2,...,n} and set of pairs
of vertices E which we call edges, with no loops or multiple edges. Write e(g) for the number of
edges |E|. Technically the edge between vertices ¢ and j should be denoted {7, j} but we will use the
standard shorthand ij or j¢ interchangeably.

For graphs g = (V(9), E(g)) and h = (V(h), E(h)) we say that h and g are isomorphic, denoted h = g
if there is a bijective function ¢ : V' (h) — V(g) such that ij € E(h) if and only if ¢(i)¢(j) € E(g). For
example Lo = & and 7] ~ X ~ . Similarly, we say that graph h is a subgraph of g, denoted h c g if
there is an injective map ¢ : V(h) — V(g) with ¢(i)¢(j) € E(g) for each edge ij € E(h). For example
Iclicl.cbut &ALVl and ¢!, since we asked our map to be injective.

Given an integer n and a real number 0 < p < 1, sample random graph G ~ G(n,p) by taking the
graph with vertex set [n] = {1,2,...,n} in which each possible edge ij, 1 <1i < j < n, is present with
probability p, independently of the others. For any given graph g on [n], the probability of g depends
only on the number of edges in g,

P(G = g) = p"@ (1 - p)(2) =@,

9Section [1| can be skipped by those familiar with the first and second moment method.
We use the convention that random graphs are denoted by G, deterministic graphs by g.



For G(3,p) where the set of possible graphs is {£, & o Lo ote, o o %}, (Note that because the
graphs are labelled «% # &.) If we sample a graph H ~ G(3,p) then H is & with probability p?, for
each of M, &, Lo the probability is p?(1 — p), etc. In the special case that p = 1/2, then all (};) graphs
on vertex set [n] are equally likely.

1.2 Thresholds

Consider how the probability that G ~ G(n,p) contains a triangle changes for different values of p.
Clearly, for any n, for G ~ G(n,0) then G has no triangles and for G ~ G(n, 1) then G has triangles
for n = 3. One can also see that the probability of containing a triangle in increasing in p. We
will find that for p(n) and p’(n) ‘not too far apart’ that for G ~ G(n,p) and G’ ~ G(n,p’) we have
P(& < G) — 0 while P(A < G) — 1 a sort of a ‘phase transition’ in the behaviour.

Let A denotes a set of graphs. We say the function p* = p*(n) is a (coarse) threshold for A if
P(G € A) — 0 for G ~ G(n,p) with p/p* — 0 and P(G € A) — 1 for G ~ G(n,p) with p/p* — c0.
Similarly, we say the function p* = p*(n) is a sharp threshold if the above holds for p < (1 — ¢)p* and
p > (1 + €)p* respectively.

graph property  (coarse) threshold p*(n)

contains £ n=3/2
contains cycle n~!
contains A n~!
non-planar n~t
connected n~llogn
contains n=2/3

1.3 First and second moment methods for proving thresholds

A standard technique, the first moment method, to show that the probably a random graph contains a
subgraph is to show that the expected number of them goes to zero. Similarly, to show that a random
graph contains a subgraph it is enough to show that the variance of the number of subgraphs is of
smaller order than the expectation squared, and this is termed the second moment method.

Lemma 1.1. Show that the function p*(n) = # is a threshold for G(n,p) containing }{ as a
subgraph.

Proof. Let p be such that p/p* — 0, i.e. n?3p — 0 and let G,, ~ G(n,p). Let Y;, = Y,,(G,,) count the
number of §{ in G,,. For each set S of 4 vertices from [n], let Ag be the event that G,, restricted to
the vertices S is a . We can write Y, in terms of these indicator random variables.

Yo= ) lag
se('})
As expectation is linear, the expected number of §§ in G,, is

E(Y,) = >, E(lag) <n'p® = (n*?p)°.
se(')



Hence E(Y;) — 0 for n??p — 0. Observe P(G,, contains a }{) = P(Y;,, > 0) < D1 KP(Y, = k) <
E(Y,) and so for n?3p — 0 whp G,, does not contain }J as a subgraph.

Now it remains to show that for p/p* — o0, i.e. for n?/3p — oo that whp G,, ~ G(n,p) contains a .
For this part of the proof we calculate the variance of Y;, by writing Y,, = > 414, and expanding.

Write ZS for ZSE([Z]) .

Var(Y,) = E(V2) ~ B(¥,)? = E((;AS)Q)—@E@S))Q.

We can rearrange a little to get an expression for the variance in terms of the probabilities of the
events Ag and Ap

Var(v,) = E(Ylag ) lar) = D E(Lag) D E(Lay)
S Te[n]3 S T
2
" (v

E 1A51AT - (1AS)E(1AT))

I
g

P(Ag & Ar) — (AS)IP’(AT)>. (1.1)

0
!

)

If ST = @, i.e. the vertex subsets S and T are disjoint then the events Ag and Ap are independent.
Notice this is also true if S and T intersect in one vertex because they still share no edges in common.
Hence if |S nT| < 1 then P(Ag & Ar) = P(As)P(Ar) and these terms cancel in the expression for

the variance (|1.1)) above.
So by this observation and (1.1)),

Var(Y,) < > P(As & Ar). (1.2)
|SAT|={2,3,4}

We now consider the three options: |S nT| = 2,3,4. For each of these, for S,T € ([Z]) with the given
intersection we want to calculate P(Ag & Ar). For |S n T'| = 2, one edge is shared. There are 10
other edges that need to be present in order to have 3§ on both S and on T. Hence P(Ag & A7) = p'!
for |S N T| = 2. Similarly, for |S N T| = 3, we get P(Ag & Ar) = p° and for |S n T| = 4, we get
P(As & Ar) = P(Ag) =

The aim is to find an upper bound for the right hand side of . Hence we want to know how
many S,7T € ([Z]) for each of the possible overlaps. When S and T overlap on 2 vertices, the number
of ways to pick them is to first pick the set of vertices in S then pick the two vertices in S that will
ovelap with 7', and lastly pick the last two vertices in T' (the ones that don’t overlap with S). This
makes (7)) (3) (3). Actually all we need is that the number of S,T € ([Z]) which overlap on two vertices
is at most n%. Similarly the number that overlap on three vertices is at most n® and the number

overlapping on all four vertices is at most n*. Thus, from (1.2)),
Var(Y,) < nSp't 4 n®p® + n'pb. (1.3)

Now we have a good upper bound on the variance. What we actually want to show is that whp G,
contains a X{. In other words we want to show whp Y,, > 0.



We use the following non-obvious idea. I have some b for which I know b > 0 and I want to use this
to show that a > 0. Notice it is enough to show that [b — a| < b. (Or, equivalently that it is unlikely
that |b — a|] = b.) We show Y}, is likely non-zero by showing it is sufficiently close to E[Y,] which we
know to be positive. By some re-arranging and Chebyshev,

Var(Yy,)

P(Yn = 0) < P(|Ya — E(V)| > E(Y)) < P(IY — E(Ya)| 2 E(Y)) < E(Ya)?'

The problem is now reduced to terms we have already calculated. By ([1.3)),

6,11 5,9 4,6
np - +n"p’+n'p
P(Y, = 0) <

" ((7)r%)?

For n?/3p — oo the fraction in (1.4) goes to zero, and thus whp G contains a g as a subgraph. O

(1.4)

2 Detection

2.1 Definitions

Problem Setup We specify a dimension n, and parameters (e.g. k size of planted structure, A
strength of ‘signal’, p, ¢ probabilities of ‘community’ edges and ‘non-community’ edges respectively).
For each fixed set of parameters we are interested in the behaviour for large n or as n — 0.

For a detection problem, under Hy the null hypothesis, we sample from the probability space Q,, and
under Hj the alternate hypothesis we sample from the probability space P,. We write Po(G = g) to
denote the probability that a random sample G from probability distribution @Q,, is the determinis-
tic g (and similarly P;(G = g) to denote the same for P,). We will try to stick to the convention of
denoting random variables, random graphs or random matrices by capital letters and deterministic
values, graphs and matrices by lower case letters.

A test is a function ¢, on the union of the supports of Q,, and P, with ¢,(g) € {0, l}ﬂ We need
a notion of how ‘good’ a test is at distinguishing Q,, and P,, and will use risk. The risk of a test ¢,
denoted r(¢) is

r(@)= D>, Po(G=g)+ >, Pi(G=g)=P(d(G)=1)+Pi(s(G) = 0)
g: $(g)=1 g: ¢(g)=0

Observe that it is easy to design a function which achieves risk 1. We can take @guessnun(g) = 0 for
all g in the support of P,, and Q,, or we could take the random test ¢,(g) which takes value 1 with
probability p and 0 otherwise (regardless of the input graph g¢). Both of these have risk 1.

We say a test ¢, achieves strong detection between Hy and Hj if r(¢,) — 0 as n — oo. Similarly,
we say a test ¢, achieves weak detection between Hy and Hj if there exists ¢ > 0,ng such that
r(¢pn) <1 —¢ for all n > nyg.

We may now define what we mean by EASY and POSSIBLE detection. Say for Hy : Qu(a, ) vs
Hi : Pp(a, B) that strong detection for Hy vs Hy is EASY for parameters «, ( if there exists a test ¢,
implementable as a polynomial time algorithm such that r(¢,) — 0 as n — oo. The definition for

2Suppose for now that ¢, is deterministic, later we may have random tests.



weak detection being EASY is similar, just replace the condition on r(¢,) as required.

Say for Hy : Qn(«, 8) vs Hy : Pp(a, B) that strong detection for Hy vs Hy is POSSIBLE for parameters
a, (B if there exists a test ¢, such that r(¢,) — 0 as n — oo. In particular ¢, may be a brute-force
algorithm. The definition for weak detection being POSSIBLE is similar.

Later we will be able to talk about detection problems being HARD if they are POSSIBLE (and not
known to be EASY) and we have ‘evidence of hardness’. We will specify which evidence of hardness.

3 Planted Clique

Our approach for the possible and impossible regions of planted clique follows closely that of [5].

The PC detection problem is to test between Hy : G ~ G(n,1/2) and H; : G ~ G(n,k,1/2). For the
definction of the planted clique model, G(n,k,1/2), see Figure We consider two variants of this
model, in G(n,k,1/2) each vertex i € [n] is independently included in the planted set K, while in
G'(n,k,1/2) the planted set K is chosen uniformly from all k-vertex subsets of [n].

3.1 When planted clique is POSSIBLE

possible

\ I \ \
0 2logn Vn n

size of planted clique

Figure 1: We show the detecting planted clique is possible in the dashed region in Lemma We prove there
is a (brute-force) test that distinguishes Hy: G(n,1/2) and Hi: G'(n,k,1/2) with high probability.

Lemma 3.1. Let k = k(n) > 2logan + 3. Then for Hy : G(n,1/2) vs Hy : G'(n,k,1/2) strong
detection is POSSIBLE.

For graph g, define w(g) to be the size of the largest clique in g, i.e. the size of the largest set of
vertices .S such that each pair of vertices in S is connected by an edge in graph g.

Proof. Our test will work by thresholding on the size of the largest clique in the graph. Let

1, if w(g) > 2logyn + 3,
¢n(g) = .
0, otherwise.

Then the risk of this test is
F(én) = Poldn = 1) + Pi(en = 0) = Po(w(G) > 2logyn + 3) + Py (w(G) < logyn +3).

Note that the size of the largest clique in the planted model is at least the size of the planted clique
(it might be bigger if there is another vertex which happens to be connected to each vertex in the
planted clique). Since, in P,, we have planted a clique of size 2log, n, we have

P1(¢n(G) = 0) = P1(w(G) < logyn + 3) = 0.



Thus the risk simplifies to consider only the size of the largest clique in G(n, 1/2)

r(¢n) = Po(w(G) > 2logyn + 3).

Let N, be the number of cliques of size m. Since Py(N,, = 1) < E¢[N,,] it suffices to bound the
expected number of cliques. (This is an example of the ‘first moment method’.)

Then we may calculate

Eo[ N ] Z Py (S is a clique inG)

S:|S|=m

Il
N
3 3
N

~

o3

nm27m(m71)/2

N

= (ngf(mfl)/Q)m_
One may then check that for m > 2logy n + 3 that n2-("~1/2 < 1/2. And thus for m > 2logyn + 3
Eo[Ny] < 27™.
and hence for m < 2logyn + 3, Ey[Ny| — 0 as n — .

Hence, since Po(Ny, = 1) < Eo[ Ny, ], we have Po(w(G) = 2logyn+3) — 0 as n — o and thus we have
that the risk of our test goes to zero as n goes to oo as required. O

4 Likelihood ratio and risk

We define the likelihood ratio between discrete probability spaces Hp : @ and H; : P by

P (G = g)
Lig) = lP’(l)(G =g)

Define ¢* = ¢*(P, Q), the likelihood ratio test to be the following test

1, if L(g) > 1,
0, ifL(g) <1

(4.1)

?*(g9) =

Lemma 4.1. Suppose P and @ are discrete probability spaces. The test ¢* achieves minimal risk over
tests to distinguish Hy : Q and Hy : P.

Proof. Fix ¢ # ¢*. We prove the lemma by showing that r(¢) = r(¢*). We calculate

r@@)—r(@*) = Y, PoG=g)+ )Y Pi(G=g)— >, P(G=g)— > Pi(G=g)

g:¢(g)=1 g:¢(g)=0 g:9*(g9)=1 g:¢*(9)=0

= Yo PG=g)-Po(G=g)+ >,  PB(G=g)—Pi(G=g)
9:6*(9)=1,6(9)=0 -0 9:6*(9)=0,6(g)=1 =0

= 0.



Having established that ¢* achieves minimal risk over all tests, we may now calculate the minimal
risk possible. Recall the total variation distance may be defined,

drv(P, Q) Z!PP —Po(G =gl

Lemma 4.2. Suppose P and Q) are finite discrete probability spaces. For Hy : G ~ @ and Hy : G ~ P,
the likelihood ratio test ¢* satisfies

r(¢*) =1—3Eo[|L(G) —1|] =1 — Ldrv(P,Q)

Proof. We first note that
Eo[ |L(G) — 1] ZPO = g)Eo[ |L(g) — 1]] :ZPO(G:!])EOH

Now by definition,

=Y .Po(G =g)1[L(g) = 1] + D.P1(G = g) 1[L(g) < 1]

Then noting we may make the substitution 1[L(g) < 1] = 31[L(9) < 1] + & — $1[L(g) > 1] and
symmetrically for the other indicator we obtain;

r(¢*) = 1+3>1[L(g) = 1](Po(G = g) = P1(G = g)) + 3 D 1[L(g) < 1](P1(G = g) — Po(G = g))
g

g:L(g)=1 ' —9 g9:L(g)<1 g,g_z

Since both expressions denoted by (*) equate to |L(g)—1|, we obtain that r(¢) = 1-Eo[ |L(G)—1|].

Now, recall that for a random variable X, E[|X|] < 4/E[X?] (to see this note Var[|X|] = 0). Thus,
by the result above,

r(@*) =1 - Eo[ |L(G) — 1] > 1 = (Bo[ (L(G) = 1)*D/* = 1 = (Bo[L(G)*] - )/

where the last inequality follows since Eo[L(G)] = >, Po[G' = g] L(g) = 1. This gives the following
corollary.

Corollary 4.1. Suppose P and @Q are discrete probability spaces. The likelihood ratio test ¢* has risk
r(¢*) 21— §(Eo[L(G)?] — 1)V

(actual) end L1

4.1 When planted clique is IMPOSSIBLE

It turns out that we have very good control on the likelihood ratio for Hy : G(n,1/2) vs H; :
G'(n,k,1/2) and this will allow us to show that r(¢*) — 1 for k sufficiently below 2log, n.

Lemma 4.3. Let k = k(n) < 2logyn — 5logylogon. Then for Hy : G(n,1/2) vs Hy : G'(n,k,1/2)
strong detection is IMPOSSIBLE.



Proof. First observe that for G ~ G(n,1/2) all (labelled) graphs on n vertices are equally likely, and
hence Py(G = g) = (1/2)(3) For the planted clique model let K denote the set of planted vertices.

Recall in G'(n,k,1/2), K is distributed uniformly over all k-element subsets of [n], i.e. K €* ([Z])‘
Then we may calculate,

Pi(G=g) = Y PG=g|K=S)P(K =S5)
1S|=k

1/2)(2)-(2)
= (/)# Z P(1[S is a clique in g])
(k) |S|=k
Hence we have an exact expression for the likelihood ratio
L () ny 1 ) .
(9) =22/ (}) 25|k 1[5 is a clique in g].
and can thus calculate Eq[L(G)?],

Eo[L(G)’] = D .Po(G = g)L(g)’

2k(k—1) . ‘ ‘ ,
- (n)zZI%(G = g)( Z 1[S is a clique in g])
k g |S|=k
2k(k—1)
= W Z Py (S, T both cliques in G)
k |S|,|T|=k
e (L2

(2)2 i |S|,IT|=k,|SAT|=i

1 i
= -5 Z Z 2(2)
(W5 S|, T|=k,|SAT|=i
We may then note that the number of ways to choose k-element sets S, T with overlap i is (Z) (lf) (Z:'f)
— first choose S then the ¢ vertices to overlap then choose the remainder of 7. Hence (with the
convention (g) = (é) =0),

Now, since (Z) =>4 (2:5) (’;), by subtracting 1 we lose the first two terms of the sum,

- 1= 3 ()0 B ()G9 e

Hence to show asymptotically trivial risk for the likelihood ratio test i.e. that r(¢*) = 1 — o(1), by
Corollary [4.1]it is enough to show that the final expression in (4.2)) is o(1) for k < 2log, n—5 log, log, n:
see Claim [D.J] and we are done. O

(plan) end L1
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Figure 2: We show the detecting planted clique is impossible in the grey region. See Lemma

5 Introduction to the low degree method

5.1 Background : separation

We say function f(Y) stmnglgﬂ separates Hy : Q, and Hy : P, if for all € > 0, dng such that

max{+/Varg[f],A/Vari[f] } < e|E1[f] — Eo[f]|-

The next lemma says that strong separation implies that there is a test with risk going to zero.

Lemma 5.1. If f strongly separates Hy : Q, and Hy : P, then there exists a sequence of tests ¢n
such that the risk of r(¢n) — 0 as n — 0.

Proof. Recall Chebyshev’s inequality, for X a random variable with Var(X) = o2 then

2

g
P(IX ~E[X]| > 1) < 7.

First note we may assume that E;[f] = Eo[f] because if not we may work with —f instead.

Let the threshold be the midpoint of the expectations: 7 = (Eq[f] + Eo[f]). And let the test be
¢7(G) = 1if f(G) = 7 and ¢;(G) = 0 otherwise.

Loosely, it is enough for the value f(G) to be close Eo(f) to ensure f(G) is small enough that the test
classifies G as coming from the null, i.e. ¢¢(G) = 0. In particular, note that if we have |f(G) —Eo[ f]| <
3(E1[f] — Eo[f]) then f(G) < 7 and thus ¢¢(G) = 0. Hence

<mm—mm0

Po(¢r(G) =1) < Po<|f(G)—Eo[f]|>;

v Van(f(G))
LELf] — Eol /1

< 4e? for all n > ng.

This shows that Pg(¢¢(G) = 0) — 1 as n — c0. To show that P1(¢¢(G) = 1) — 1 as n — o0 is similar,
one shows that f(G) sufficiently close to E;[f] implies that ¢¢(G) = 1 and one can thus bound the
probability that P1(¢¢(G) = 0), details left to the reader. O

3weak separation is defined similarly, by replacing Ve with 3C. One may show that weak separation implies there is
a test with risk strictly less than 1.

(plan) begin L2



5.2 Low-degree hardness

Note that we may write the number of edges and triangles in a graph as a degree 1 and 3 polynomials
in the entries of the adjacency matrix

6(G) = Z Aij and #(A, G) = Z A'LjAzkAjk
1<j i<j<k
We are interested in polynomials f : G — R with bound D on the maximum degree, write R<p|[G]
for the set of such polynomials. In particular, we ask when we may find polynomials f which separate
two probability spaces and use the degree of the polymomial required to do so as a (heuristic) proxy
for the run-time.

We may then define notions of EASY and HARD for degree D polynomials. Say the strong (weak)
testing problem Hy : Y ~ @, vs H1 : Y ~ P,

. | BASY for degree D if 3 a polynomial of degree < D which strongly (weakly) separates P, and Q.
is
HARD for degree D if no such degree < D polynomial exists.

From this we may finally define low degree polynomial hardness - basically we regard degree O(logn)
polynomials as ‘low degree’. Say a testing problem Hy : @, vs Hy : P, is EASY for low degree polyno-
mials if there exists some constant C, such that it is easy for degree D = C'logn. Likewise we say a
testing problem Hy : @, vs Hy : P, is HARD for low degree polynomials (or ‘low degree hard’) if for
any constant C’, it is HARD for degree D = C’logn.

The notion of advantage below will help us prove low-degree hardness, i.e. the lack of any low-degree
which separates. Given a sequence of hypothesis testing problems Hy : ¥ ~ @, and H; : Y ~ P,
define the (degree-D) advantage, written Adv<p, by

Advep(PoQu) =  sup L (5.1)

deg F<D, Eo[2]20 /Eo[f2]

Intuitively can be thought of as the fluctuations in the planted model divided by the fluctuations
in the null model. The term advantage is because it is meant to give a quantitative value for how much
advantage over random guessing one can get by thresholding degree D polynomials. The following
result links upper bounds on Adv to the non-existances of polynomials f which separate Hy and Hj.

Lemma 5.2. If Advep = 1 + o(1) then no degree < D polynomial achieves weak detection and if
Adv<p = O(1) then no degree < D polynomial achieves weak detection.

We omit the proof, see [6].

5.3 Linear algebra

Consider the testing problem Hy : G(n,1/2) and H; : G(n,k,1/2). To rule out polynomials which
separate these probability spaces for k « y/n we will upper-bound Adv; the first step is the following
linear algebra result. (We will show that the construction h, in fulfils the assumptions of the
lemma for Hy: G(n,1/2), so this will reduce our problem to bounding the sum of squares of expected
value of ho(G) under Hy, i.e. for G ~ G(n,k,1/2) tthe planted clique.)

Lemma 5.3. For Hy : Y ~ @ and Hy : Y ~ P be discrete probability distributions and suppose
{ha}aez,, 15 a basis for degree D polynomials and that Eg[ha(Y) hg(Y)] = 1a—g. Then

AdVgD(Pn,Qn)QZ Z (El[hoe(y)])

la|<D

2

10



Proof. For any polynomial f of degree at most D, since the h, for a basis, for coefficients fa,

f(Y) = Z fozha(y)

anﬁ;

and since the polynomials are orthonormal under Hy, we have

Eolf(Y) ] = Eol( ), faha(¥)I= >, fafsBolha(Y)hs(Y)] =) f2

aelp a,B€Tp

Thus we may rewrite the advantage,

AdV\D(JD7 Q) = sup
) deg f<D, Eo[ £(v)2]0 Eo[f(Y)

= sup =
I ez zeo /5 f2

Thus the sup is attained by taking fo = ¢tEi[ha(Y)] for any multiple ¢ # 0. (To see this write
¢o = E1[ha(Y)], and consider vectors ¢ = (ca)a, f = (f)a with inner product (u,v) = 3, tav, and
|[u]|> = (u,u). Then the RHS above is the sup over vectors f, supf<f, o/|lell? = Le,e/|lell? = |lel|.)
Hence we have,

E\[f(V)]? S faBalha(Y)]
2

AdVgD(P, Q)2 = Z(El [ha (Y)])2

[0}

O

We now return to testing between uniform random graphs and planted clique; and define hq(G) to
satisfy the required properties. For o (g), i.e. a subset of pairs of vertices in [n], we write V() for
the set of vertices which appear in some pair in . Let Zp = {@ € a < (3) : |a| < D}. Define

ha(G) = [ (245 - 1), (5.2)

ijeEQ
and note that {h,(G)}aez, is a basis for any function f : {0, 1}(3) — R with degree at most D.

We may calculate (here for sets «, 8 the set difference a/AS = (a\B) u (B\«)) that for Hy : G ~
G(n,1/2),

Eo[ha(G) ha(G)] =Eo| [] 24i;—1* ] 4 — 1] =Eo[ [] (24i; — 1)] = 1azp.

ijeanf ijeal\B ijeal\B

The second equality holds since A;; € {0,1} implies that (24;; —1)? is deterministically 1. To see the
last equality note for i < j each A;; is independent and has expectation 1/2 under Hy, so the last
product is non-zero only if the set difference is zero, i.e. o = .

For a < ([3]) which indexes the basis hy, we consider it as a graph, with edge set E(«) = « and vertex
set V(a) = {i € [n] : ij € a}. Then we may see (Exercise!) that for H; : G ~ G(n, k,1/2),

Efha(c)] = (£)", (53)

n

11
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easy

\ I \ \
0 2logn N n

size of planted clique

Figure 3: We show the detecting the planted clique is easy in the green region. For k > w(y/nlogn) we give a
fast test, based on counting degrees see Exercises.

5.4 When planted clique is HARD

Proposition 5.1 (|4]). Fize > 0 and let k < n'/? — . Then for Hy : G(n,1/2) vs Hy : G'(n, k,1/2)
there is no polynomial of O(logn) degree which weakly separates Hy and H;.

Proof. Fix D = C'logn for some constant C'. To rule out weak separation it is enough to prove that
Advep = 1+ o(1). Recall also AdvZp = 35, p E1[ha(G)]%.

We are interested in graphs a with number of edges || at most D. The number of labelled (simple)

graphs on v > 2 vertices with m edges is ( ) ((n%)) Hence, noting v/2 < m < (;), the number of graphs
on v = 2 and m-edges for any 1 < m < D is

min{(;),D} min{(g),D}

2 <Z> <(;L2)> <n’ ) (/2)"< n? (v2/2)min{v?/2.D+1}

m=1 m=1

where the last inequality followed since for v > 2, we have v?/2 > 2, so 2220(1)2/2)"‘ < (v2/2)PHL
Hence we finally bound the sum of squares of the expected value of h, under Hi, i.e. the planted clique
model. The first step is to rewrite the sum over «, as a double sum first over number of vertices v,
then v on v vertices with at most D edges. Note that since |V (a)| < 2|, implies we consider v < 2D.

2D "
> E “Y Y Eh@P<1+ anw}@)

lo|<D t=0 a:|V () |=t, |a|<D t=2

where the last inequality followed by noting there is one graph with 0 edges, plugging in the count
above for the number of graphs on 2 or more vertices. Now plug in k < n'/2~¢ to the RHS above, and
it remains only to prove the RHS of above is 1+ o(1), which we do in Claim and we are done. [

5.5 When planted clique is EASY

Exercise!

6 Acknowledgements and bibliographic notes for each section.

Grateful to many for discussions which influenced these note including Misha Isaev, Gabor Lugosi,
Svante Janson, Cindy Rush, Anda Skeja, Alex Wein and Jiaming Xu. Also, many parts of these
notes are inspired by expositions of others, and I recommend these references for further reading:
particularly lecture notes by Lugosi [5] and by Wu and Xu [7], for an introduction to low-degree the
introduction and Chapter 2 of |4], and for further theory on reductions in total variation distance the
paper of Brennan, Bresler and Huleihel. For general theory of random graphs, Frieze and Karonski’s
textbook is excellent and available free online [2].
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6.1 Sections 3 and 4

Sections [3] and [4] concern the IT-threshold, for POSSIBLE vs IMPOSSIBLE for testing between binomial
random graphs and the planted clique model. See [1] and references therein for results on this testing
problem (as well as other combinatorial testing problems). Our treatment follows notes of Lugosi [5].

We note much sharper results are known for POSSIBLE and IMPOSSIBLE regions for planted clique.
For the test function considered, where we threshold on the size of the largest clique, the important
behaviour to understand was the size of the largest clique in G(n,1/2). For constant 0 < p < 1, take
ko = [2logy,n — 2logy s, logy,n + 2log; /2 + 1 + o(1)]. Then it is known that for G ~ G(n,p),
whp ko — 1 < w(G) < ko, i.e. two-point concentration! This was proven independently by Bollobas
and Matula and is important for estimating the chromatic number of G(n,1/2). For discussion see
also equation (2) and Figure 1 of [3].

6.2 Section 5 : low degree framework and applicaation to planted clique.

Here we largely follow the exposition in |4, Chapter 2]. (More details will follow.)

A List of Planted problems

impossible hard easy

I \ \
2logn vn n

size of planted clique

o —

Figure 3: Planted clique.

Hy: G(n, %) random graph on n vertices where each edge is present independently with probability 1/2.

Hy: G(n,k, %), random graph on n vertices where each vertex is part of ‘community’ K independently with
probability k/n. Each edge ij is present independently either with probability 1 if ¢,5 € S or with probability
1/2 otherwise. We sometimes take H; : G'(n, ki) where K is chosen uniformly at random from all subsets of
vertices of size k.

13



1/2 1/2

1/2 1 1/2 1

(a) detection (b) recovery

Figure 4: Spiked Matrix Model (planted submatrix with elevated mean).

Hy: a random n x n matrix with each entry independent with distribution N (0, 1).

Hy: BC(n,k, ), an n x n matrix with each index in set S independently with probability k/n. Each entry
independent with distribution N (A, 1) if 4,5 € S and with distribution N(0,1) otherwise.

B Probability Background

We will use many properties of the distributions, some concentration etc. we collate these here for
reference while reading the proofs or doing exercises.

We say a sequence of events F,, holds whp ‘with high probability’ if P(E,) — 1 as n — oo.

B.1 Concentration Inequalities

Sometimes we are interested in a random variable X, which is very likely to fall within some interval
[an,by] (and this can be very useful for us!). Often we can prove this statement in two steps. First
we calculate the expected value. Let ¢, = E[X,,] and suppose for simplicity that ¢, = (a, + by)/2.
The second step is to show it is unlikely that X, is far from its expected value ¢,; i.e. to show
P(|X,, — ¢n| > (an —by)/2) — 0 as n — o0. Note these two steps together prove that X, lies in [ay, by,]
whp, i.e. that P(a, < X, <b,) — 1 asn — 0.

We say in this case (i.e. when the second step works), that a random variable is concentrated about its
mean and refer to the bounds below as concentration inequalities. We will use these often so collect
them in this section of the appendix for easy reference.

Lemma B.1 (Hoeffding’s inequality). Let S = X1 + ...+ X,, where X1,...,X, are independent and
a < X; <b foralli. Then

2
P(|S—E[S]| >1) <2exp<—ﬁ).

P(Bin(n, p) > co/po) < P(|Bin(n,p) — np| > np — co/po)

So in the notation above t = np — cq/po, want n(p — co/(pon))? large.

14



Lemma B.2. Let X ~ N(u,02). Then
P(| X —E[X]| >t <26Xp(—>.
o

B.2 Normal Distribution

The following lemma shows the max of m N(0,1) variables is not too big. Note the variables
X1,..., X, need not be independent.

Lemma B.3. Let ¢ > 0. Suppose X1,..., Xy, ~ N(0,1). Then

Xmax = max X; <+/(2+¢)logm
7

el,....m
with probability tending to 1 as m — 0.

It will also be useful to approximate the binomial distribution with the normal distribution. Below we
state the Berry-Esseen theorem, in the special case of comparing the cumulative distributions functions
(CDFs) of the binomial and normal distributions |7, Lemma 2.4].

Theorem B.1 (Berry-Esseen). There exists an absolute constant C' such that

sup |P(Binom(n,p) < z) — P(N(np,np(1 —p)) < z)| < L

zeR N A/ p

We will denote the CDF of the standard normal by ®(z) = St_w \/% exp(—22/2) dz, and the comple-
mentary CDF by ®(z) = 1 — ®(x).

C Helpful Combinatorial notation and inequalities

The notation (z), read ‘n choose k’, is the number of ways to pick a set of k items from a set of n

items, (n> _nn—1)...(n—k+1) n!

k k(k—1)...1 " (n— k)

and

Kk k

The following form of Stirlings approximation for binomials can also be useful

. k
M < <n> gnk'

27m(%)n <nl< e\/ﬁ(g)n. (C.1)
We will use ‘Big ‘0” notation O(.), o(.), w(.) and §(.), see definitions in [2].

D Detailed calculations

D.1 PC is impossible

We used this claim to show weak testing for planted clique is impossible for k£ small enough. We follow
the argument in [2], see proof of Thm 7.3.
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Claim D.1. Fiz ¢ > 0 and suppose that k < 2logy,n — 5log, logy n, then for n large enough we have

%)Z:Zk; (iﬂ) (2:’;) 2(2) < o(1). (D.1)

Proof. To see this, set a; = (Z)_l (’f) (%:’:)2(;), and note that then for 3 <i < k,

ai—1 i(n—2k+id)  (i+1)

. s 2 o1 2 o1 -1
a; (k—i+1)°2 - k=2 ( _%) .
n n

Hence noting that j —1+j—2+...+3+2=3((i—1)—2) =30+ 1)(j — 2),

aj _ (kPic2 2 Geni-2)e kK Gany2yi-2 | 2
S 2 x 2UDGE=2/2(1 4 o(1)) = (20 Z(1+o(1
I () (14 0{1) = (Z-20 D27 21 4 o(1)
Now, recalling that j! > (j/e)’ > (j/e)? 2 we have for j > 3,
aj k*e22(j+1)/2 j—2 2ke22(j+1)/2 j—2
- < 2(—— 1 )< (—— 1 1
<MY o) < (B (1 +0(1))
Since the term to power j — 2 above is < 1, we have that
i by 2R =2k = 2)(k =3 Kk —1)(k—2)(k—3) _ O(kj) _o(1)
= bt (k=2)!12n, n(n—1) T pd
O
D.2 PC is low-degree hard
Claim D.2. Lete > 0 and C > 1 be fized, then for large enough n,
Z n72stt2t2 + Z nfsttClogn <e

2<t<+/C'logn +/C'logn<t<2C'logn

Proof of Claim[D.Z We consider each term in turn. First note that by taking logs and exponentiating,
for t < (C'logn)'/?,

n2ety2t? exp (—2t(elogn — tlogt)) < exp (—2t (5 logn — C1/2(log n)1/2 log log n)) :

Thus for large enough n

Z nT2E < Z exp(—te logn)
2<t<4/C'logn 2<t<+/C'logn
_ Z (n—Qa)t
2<t<+/Clogn
0 oot n—45
< LT =y <

t=2

For the second term, we again begin by noting

n~1C18" — exp (—logn (et — C'logt)) .
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Thus since et — C'logt is minimized for small ¢,

2 n—ct4Clogn < 2(0 log n)1/2 max n—€t4Clogn
JCTogn<t<2Clogn v/ Clogn<t<2Clogn

= 2(Clog n)1/2 exp <— logn(eSC'l/2 log'?n — %log(C’log n))>

= exp (C"'loglogn — C"log**n + C" lognloglogn)

— —0 asn — ©

where C',C" C" are some constants. And thus the second sum is at most £/2 for large enough n as
required.
O
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