
Learning on graphs : phase transitions.

Thresholds in random graphs

1. Thresholds in random graphs: connectivity
Let G „ Gpn, pq with p “

c logn
n . Show that log n{n is a sharp threshold for containing an isolated

vertex, i.e.,

(a) if c ă 1, then G has an isolated vertex whp,

(b) if c ą 1, then G does not have an isolated vertex whp.

Use 1a to show that logn{n is a sharp threshold for G being connected.

2. Let Zn denote the number of triangles in G „ Gpn, c
nq. Show that Zn „ Poi

´

c3

6

¯

.

3. Low-degree EASY region. Let ε ą 0 and k ě n1{2`ε, and consider H0 : G „ Gpn, 1{2q vs
H1 : G „ Gpn, k, 1{2q. Show that the ‘signed triangle count’

fpGq :“
ÿ

iăjăk

pAij ´ 1
2qpAik ´ 1

2qpAjk ´ 1
2q

strongly separates H0 vs H1.

Properties of the planted clique model.

K

K̃
F

Figure 1: Given any K̃ Ă K, where K is the planted clique. Let F be the set of common neighbours
of K̃ which are not in the clique K. The idea is to show that for G „ Gpn, k, 1{2q whp the graph
has the property that for any subset K̃ Ă K of a certain size, the k maximum degree vertices in
G1 “ GrK Y F s are the vertices of the planted clique K. See Question 7.

5. PC and low-degree framework Let H1 : G „ Gpn, k, 1{2q, and hαpGq “
ś

ijPαp2Aij ´ 1q.

Prove that E1rhαpGqs “
`

k
n

˘|V pαq|
.

6. Maximum degrees to find planted clique Suppose that G „ G1pn, k, 1{2q with planted
clique K. Let K̂ :“ tk vertices of highest degree in Gu.

(a) For vertex i, give the distribution of the degree di, conditioned on i R K.

(b) (As above), for i P K.
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(c) Prove that

PrK “ K̂s ě 1 ´ 2n exp
´

´k2

2n

¯

7. Towards fast algorithms for finding planted clique above the threshold.

For a graph g “ prns, Epgqq and vertex subset S Ă rns define the set of common neighbours to
be CgpSq “ ti P rns : ij P Epgq for all j P Su. Prove the following.

Fix ε ą 0, s “ rp1 ` εq log2 ns, k ě C logn for some C ě log n. Let G „ G1pn, k, 1{2q with
planted set K. Then whp G is such that, for any K̃ Ă K with |K̃| “ s the following holds.

We have K̂ “ K where K̂ :“ tk vertices of highest degree in GrK 1su where K 1 “ K̃ Y CGpK̃q.

Possible steps.

(i) (i) Define F “ F pK̃q “ CGpK̃q zK. Show that for fixed K̃ we have ? .

(ii) By (i) and union bound, given a whp upper bound ℓ “ C log n on the size of F . I.e. show
that whp G is such that for any K̃ Ă K of size |K̃| “ s, then |F pK̃q| ď ℓ.

(iii) Show that1 for v P F , the degree dv „ |K̃| ` Binomp|KzK̃|, 1{2q.

(iv) Deduce that for v P F , likely that dv ă k ´ 1.

Guassian planted submatrix model

Define the Gaussian planted submatrix model. Sample Y „ BCpn, k, λq with planted set K as follows.
For each i P rns :“ t1, 2, . . . , nu independently, i P K with probability k{n. Write Xij “ 1ri, j P Ks.
Independently of X, and for each i, j independently let Zij „ Np0, 1q. Then Y “ λX ` Z. Define

Y „ BC1pn, k, λq as above except we take K uniformly over
`

rns

k

˘

.

8. Fix α, β such that 0 ă α, β ă 1 and β ą α{2 ` 1{2 (i.e. the green region in Fig 2). Consider
H0 : Y „ BC1pn, 0, 0q vs H1 : Y „ BC1pn, k “ nβ, λ “ n´αq.

Show that the strong detection problem is easy for α, β. (Find a test ϕn for which rpϕnq Ñ 0,
such that ϕn is fast to compute.)

9. Fix α, β such that 0 ă α, β ă 1 and β ą α{2`1{2 or β ą 2α (i.e. the purple dashed region and the
blue region in Fig 2(b)). Consider H0 : Y „ BC1pn, 0, 0q vs H1 : Y „ BC1pn, k “ nβ, λ “ n´αq.

Show that the strong detection problem is possible for α, β. (Find a test ϕn for which rpϕnq Ñ

0.)

10. Fix α, β such that α ą 0 and β ă α{2 ` 1{2. Consider H0 : Y „ BC1pn, 0, 0q vs H1 : Y „

BC1pn, k “ nβ, λ “ n´αq. Show that no polynomial of degree Oplognq strongly separates H0 vs
H1.

Hint. There exists a basis2 thαuα for which E0rhαhβs “ 1α“β and E1rhαpY qs “ 1?
α!
E1rXαs.

1or similar, typos expected
2Hermite polynomials

2



easy

1

1/2

0 1

β k = Θ(nβ)

λ = Θ(n−α)

α1/2

(a) detection easy

possible

1

1/2

0 1

β k = Θ(nβ)

λ = Θ(n−α)

α1/2

(b) detection possible

Figure 2: Regions considered in Questions 8 and 9.

Theory of low-degree method.

11. Connection between likelihood ratio and Adv. Fix a hypothesis testing problem H0 : G „

Q vs H1 : G „ P . Suppose thαuID is a basis for polynomials in G of degree at most D such that

xhα, hβy0 :“ E0rhαpGqhβpGqs “ 1α“β

Define ‘projection of likelihood ratio’

rLpgq :“
ÿ

αPID

xL, hαy0 Lpgq.

Prove that E0rL̃2s “ AdvďD.

12. No orthonormal basis for H0. Let P and Q be planted distributions on RN , i.e., the null
distribution is no longer pure noise, but contains a planted structure. Define

cα :“ EPrϕαpY qs, c P RI ,

Mβα :“ EQrϕαpY qψβpW qs, M P RJˆI .

Assume the following

• tϕαuαPI is a basis for f .

• tψβpW quβPJ is an orthonormal set in L2pQq, i.e., xψβ, ψβ1yL2pQq :“ EQrψβψβ1s “ 1tβ “ β1u.

• For c and M as defined above, there exists u “ puβqβPJ satisfying
ÿ

βPJ
uβMβα “ cα, @α P I.

Then,
Adv2ďDpP,Qq ď

ÿ

βPJ
u2β.

Hint : (Bessel’s inequality) If H is a Hilbert space and pekq is an orthonormal collection in H,
then

ř8
k“1 |xx, eky|2 ď }x}2 for all x P H.
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Misc

13. Reductions. Write LpXq, by to denote the law of X. For P and P 1 be probability distributions
on the same space. Suppose that X „ P , A is an map/algorithm, we write

P
A

ÝÑε P
1 if dTVpL

`

ApXq
˘

, P 1q ď ε

Prove the following, which we will use on Thursday. If P, P1 and P2 be three probability spaces,
and A1 and A2 algorithms such that

P
A1

ÝÑε1 P1 and P1
A2

ÝÑε2 P2.

Then
P

A2˝A1
ÝÑ ε1`ε2 P2.

A Hermite expansion

Use the standard shift identity for normalized Hermite polynomials. Namely, for Z „ Np0, 1q and
deterministic x,

hmpx` Zq “

m
ÿ

r“0

c

r!

m!

ˆ

m

r

˙

xm´rhrpZq.

Applying this identity coordinatewise gives

HαpX ` Zq “
ÿ

0ďβďα

c

β!

α!

ˆ

α

β

˙

Xα´βHβpZq.

Specifically,

HαpY q “
ź

iďj

hαij pXij ` Zijq “
ź

iďj

αij
ÿ

k“0

d

k!

αij !

ˆ

αij

k

˙

X
αij´k
ij hkpZijq

“
ÿ

0ďβďα

c

β!

α!

ˆ

α

β

˙

Xα´βHβpZq.
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	Hermite expansion

