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I : Modularity based clustering
-

I : Fundamental limits of learning



I : Modularity-based clustering
- louvain : most commonly used
method of community detection

- modularity : definitions + properties .



Example : Linguistics

VE3000 climate change blogs

E-based on links between blogs

Elgesam D., Steskal L
.

+ Diakopoulos
"Structure and content of the discourse on

climate change in the blogosphere"

Environmental Communication 2015.
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Community Detection

input grayh Gedges
· modularity score NP-hard to opt.

(weighted

· Louvain - modularity based
output Vertex partition A &

Leiden
community division ~ iteratively build a partition

local choices - maximise mod.

· most popular methods use modulat
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Modularity louvain alg.
I

· set A = 55V3
,
Ev, .... Evn3]

# . pick a unif
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· if G = G output A
e(Ai)& e(Ai ,Aj)SeAj
· -> ⑧

else -> ⑪ Ai Aj E j
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Modularity louvain alg.

· pick a unif
.
random labelling of vertices 1

, ...
n

gethrough vertices v : 0
,

1
, .... n - 1

, 0,
1
, ...,

n - 1
,

/0

7
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6 3 12
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1
..... n 1
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, 0
,

1
, ...,
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I
-> 7 /
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6 3 &
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etc ; until no local more increases modularity ...

Fig . LAMBIOTTE



Modularity louvain alg.

- pick a random labelling of vertires 0
,

1
, ...,

n-1.

① run through vertices v : O
,

1
, .... n - 1

, 0,
1
, ...,

n - 1
,
0, 1

,
....

---· /↳ -
~ for v ; consider placing it in community of neigbor

-(1 ⑳ -⑨
- (ii -

-

·- / · ①↳ - ↳ -

I

choose i) or (ii) or no change => highest mod scori

continue until no change

B freeze each community ; treat it as node in

fused graph -D
Fig . LAMBIOTTE
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Modularity Properties
Modularity value :

At OPTIG) in q(G) = (E) Robust to small perturbations in edge set

2/El
=> FAEA GlA] conn

. (+ isolated vert) q
* (6) -

q
* (G)E)S

e(G)

=> pendant.o A
·

⑧ Ft : qu(6)-qu(GE) 2/El
Vertex +
·

⑧ e(G)
·

in same part
g

* /star)=

⑧ ·

G

·
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Modularity Properties
· Resolution limit OPT partition fragile

· Modularity value : Robust to small perturbations in edge set
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Modularity Properties
· Resolution limit OPT partition fragile

· Modularity value : Robust to small perturbations in edge set

2/EFt : qu(6)-qu(G)E) , q
* (6) -

q
* (GE)

e(G)



Modularity 'meas. of how well a graph can be clustered

graph G
,

m edges. A = SA, ..., Ap3 vertex partition

Ane

score of partition A, qt(6) =

Az
G modularity of E q

* (6) = max q1(G)
"high vals taken to indicate

more community. Structure
"

Sampling
60

o
e

* E

G 0 g & &

&

G G(Ep) Epeachedgea prob -

pP
A pick each

edge prob. p

O
&

*

60
&

E G =(V, E) fixed graphG oo &
G



Simulations

Dolphin Network [LissEn]

·

1 1 = 32 /El = 152

q
*(E) = 6 .59... (3 dec places)

[RANDES +08]

To estimate modularity take max of 200 runs of Lovain and Leiden algs.



Simulations
- Modularity score of underlying dolphin network

Dolphin Network [LissEn] using partition - opt of sampled network.

·

1 1 = 32 /El = 152

q
*(E) = 6 .59... (3 dec places)

[RANDES +08]

To estimate OPT of sampled G take max of 200 runs of Lovain and Leiden algs.
↑

on Gp



US Political Blogs [ADAMIc ,
GLANCE 2005]

GraphV= 1500 E-16000

·

1 1 = 32 /El = 152

q
*(E) = 6 .59... (3 dec places)

[RANDES +08]

↑
seeing half the edges /how

= I all
the parton ii)



I : Fundamental limits of learning
- when can we detect/recover

planted communities ?

- when can we do this fast ?



signal noise
↓ B(p) :.jeKY 2Planted Community G-G(n , p , q . k) , iKwprob Aij = SBe(q) on

P - q

a points
·k 'community' nodes

⑧n-K non-community

Fig: Jiaming Xu , Duke
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signal noise
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ve K u
,
veK

uUPlanted Clique G-G(n ,
E

, k)
with prob . I
*Size(l

on

Two parameters -> size of planted structure

- size of entire network

Q : When can we find planted clique ?

t
D

3
-

Y
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if k < Zlogan
G'vG(n · E) : largest clique whp-Glogh . => Can't find planted"one

in amongst"background one.
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, k) ,
veK *Size(l
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uU

posist/I
with prob . I

impy/II
-

&

zlogn
>

R
. if k < Zlogan

G'vG(n · E) : largest clique whp-Glogh . => Can't find planted"one

in amongst"background one.

Methods to find clique
① BRUTE-FORCE

Search all K-vertex subsets

# first clique found.

if k < (2+z)logn P(k = k) + 1
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PLANTED DENSE SUBGRAPH

Vertex labels : On :
⑲ w . prob - G(u

.
k

, 9 , s)
w . prob 1- I

P

Ber(q+ s) G:Observe Yo-(Berlas or
."I

ALGORITHMIC QNs 9
· Detection : determine if whp sample from

planted model or not

· Recovery : given sample from planted model n

-

find community lexactly? weakly corr
?
)

· Counting
:

.....



CONTEXTI PLANTED DENSE SUBGRAPH
-

Detection Recovery
B1 k = 0(nf) B1 k = 0(nf)

"biggere· I
nat idecreasing sig
-

IMPOSSIBLED
- -

n [ recover
H

.l



Detection Recovery

&

X X

*

O

I

Ho [/vs .
H.N recover

Ja
REFS : MANY AUTHORS

.

- &

9
& I



CONTEXTI Easier to detect than recover!
-

Detection Recovery

.
IIIIIII

Ho [/v .
H./ recover



Hypothesis Testing

Ho : G ~Pn : Gr . 2) H
Hai Cor Qui Gu,N distributions on 20.13orR

El

f detects - doesn't detect

1Marti + karG- 1
C

if

11 -
ill ~ ill
f(G) f(G)1 ##W A

E(f(G)] Y X Elf(G)] E(f(G)]

Adegree D test' fn: + IR deg sID.

Low DEG POLY fail if

strongly separates if
n Ollog(n) - degree test.

Ep(f]-Eq[t]MmaVarFVarp[f]]
"difference in means" "fluctuations"

.

&



Hypothesis Testing Ep(f]-Eaht]MmaVaraTVarp[f3]

distributions on EX : f=[uvE] IweE] IweE]Higa & Aur Anw Arw
&

f (G) = 3 ! #As u
,
v ,

w

f detects

karf(f) - # VarFG- #= Tn ,
nw

, vweE) /E if

11ill ~ =I [h ,
nw

,ver
f(G) + IP [hr ,

nw
,vwE/#

W

E(f(G)] Elf(G)] IP [hv ,
nw

,vwE/
E prob 1-1 prob. :

↓ - IP [hv ,
nw

,vwE/
· ps . /
go

&



PLANTED PARTITION/STOCHASTIC Block model : M COMMUNITIES

Vertex labels

ormfor new : Aar- E is if orHEdges Ber(

Ber(q) O . W.

ALGORITHMIC QNs
n

· Detection : determine if whp sample from

-

planted model or not

·· Recovery : given sample from planted model

find communities lexactly? weakly corr?)

· Counting".....



Modularity Properties
Modularity value :

At OPTIG) in q(G) = (E) Robust to small perturbations in edge set

2/El
=> FAEA GlA] conn

. (+ isolated vert) q
* (6) -

q
* (G)E)S

e(G)

=> pendant.o A
·

⑧ Ft : qu(6)-qu(GE) 2/El
Vertex +
·

⑧ e(G)
·

in same part
g

* /star)=

⑧ ·

G
Percolated random graph Gp

G
. Gp similar mod values + partitions

SBM p = q . win if ep to whp
a > b b. w(n)a=

= p9P q
* (G) -

q
* (tp) = o(

P = &P
, P23 Ftzt :
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# Group Exercises

- modularity-based a planted structure

-graph theory ,
random graphs , theory

of algs ,
simulations


