[s it easier to count communities than find them?

Cynthia Rush*!, Fiona Skerman'?, Alexander S. Wein*?, and Dana Yang®*

Department of Statistics, Columbia University.
2Department of Mathematics, Uppsala University.
3Department of Mathematics, University of California, Davis.
4Department of Statistics and Data Science, Cornell University.

April 21, 2025

Abstract

Random graph models with community structure have been studied extensively in the liter-
ature. For both the problems of detecting and recovering community structure, an interesting
landscape of statistical and computational phase transitions has emerged. A natural unanswered
question is: might it be possible to infer properties of the community structure (for instance, the
number and sizes of communities) even in situations where actually finding those communities
is believed to be computationally hard? We show the answer is no. In particular, we consider
certain hypothesis testing problems between models with different community structures, and
we show (in the low-degree polynomial framework) that testing between two options is as hard
as finding the communities.

In addition, our methods give the first computational lower bounds for testing between two
different “planted” distributions, whereas previous results have considered testing between a
planted distribution and an i.i.d. “null” distribution.

1 Introduction

Questions of detecting and recovering community structure in random graph models have been stud-
ied extensively in the literature. Popular models include the planted dense subgraph model [ACV13,
HWX15], where an Erdés—Rényi base graph is augmented by adding one or more “communities”
— subsets of vertices with a higher-than-average connection probability between them — and the
stochastic block model (see [Abbl7, Mool7] for a survey). There are by now a multitude of re-
sults identifying sharp conditions based on the problem parameters, e.g. edge probabilities and
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number/sizes of communities, under which it is possible (or impossible) to recover (exactly or
approximately) the hidden partition of vertices, given a realization of the graph as input. No-
tably, many settings are believed to exhibit a statistical-computational gap; that is, there exists a
“possible but hard” regime of parameters where it is statistically possible to recover the commu-
nities (typically by brute-force search) but there is no known computationally efficient, meaning
polynomial-time, algorithm for doing so. It may be that this hardness is inherent, meaning no
poly-time algorithm exists, which is suggested by a growing body of “rigorous evidence” including
reductions from the planted clique problem [BBH18, HWX15] and limitations of known classes of
algorithms [BMR21, DKMZ11, HS17, SW22].

Despite all this progress, one question that remains relatively unexplored is the following: in
the aforementioned “hard” regime, even though it seems hard to recover the communities, might
it still be possible to learn something about the community structure (e.g., the number or sizes of
communities)? After all, in some models it has already been established that detecting the presence
of a dense subgraph (i.e., distinguishing the planted subgraph model from an appropriate Erd6s—
Rényi “null” model) appears to be strictly easier than actually recovering which vertices belong to
it [BBH18, CX16, HWX15, SW22|. Existing detection-recovery gaps of this nature often occur due
to a “trivial” test for detection (e.g., the total edge count), and the motivation for our work is to
understand more precisely which properties of the community structure can be inferred in the hard
regime, and which ones cannot.

A simple testing problem. One of the simplest inference tasks on the community structure is
to detect the number of communities. Let us consider a toy problem of testing between two graph
models: under P the graph contains one community of expected size k, while under Q the graph
contains two communities each of expected size k/2. The community membership of each vertex
is independent in both models (k/n under P and k/(2n), k/(2n) under Q) and vertices cannot be
members of more than one community. Suppose any pair of vertices from the same community
are connected independently with probability 2¢ and 3¢ under P and Q, respectively, and all the
other pairs of vertices are connected independently with probability ¢ under both models. Such a
parameterization matches the expected degrees of the nodes under the two distributions, so that a
simple test based on the total edge count fails to distinguish between P and Q. One natural test
is to threshold the number of triangles. It is easy to derive that the expected number of triangles
under P and Q scale as different constant multiples of ¢°k3, and the variance of the number of
triangles is of order ©(n®¢®) under both models. Thus, the simple triangle counting algorithm
consistently distinguishes P and Q if ¢®k® » 1/n3¢3, i.e. gk?/n » 1.

It is intriguing that the condition for the triangle counting algorithm to succeed coincides with
the conjectured computational barrier for the more difficult task of finding all members of the
community under the model P [SW22]. In other words, in the entire “hard” regime where one
cannot efficiently locate the planted community, the triangle counting algorithm fails to even tell
whether the graph contains one or two communities. In this paper, we show that this statement
extends beyond the simple triangle counting algorithm to all low-degree tests. Our main result is
given in the following (informal) theorem statement.

Theorem 1.1 (Informal). If ¢(k%/n v 1) < 1/polylog(n), then no low-degree test consistently tests
between the graph models with one and two planted communities.

Moreover, the informal result of Theorem 1.1 extends to a much wider class of testing problems
than those for which it is stated. We find that, whenever recovery is computationally hard, all low-
degree tests fail to distinguish models with different numbers of planted communities of possibly



different sizes. In other words, inferring the community structure is just as hard as finding members
of the planted communities themselves. We show a similar phenomenon for graphs with Gaussian
weights. See Theorems 2.4 and 2.5 for the formal statements. It is important to note that our
results apply even in regimes where it is easy to distinguish P (or Q) from an Erdés—Rényi graph;
that is, one cannot recover our results simply by arguing that both IP and QQ are hard to distinguish
from Erd6s—Rényi.

We additionally give a few other related results.

Connections between detection and recovery in the low-degree framework. We show
a connection between detection and recovery. For a given recovery problem in a planted model
there is an equivalent testing problem where one tests between two planted models. In the other
direction, for a testing problem between two planted models there is an equivalent recovery problem
if the likelihood ratio of the signals exists. This equivalence is in a strong sense: one is low-degree
hard if and only if the other one is low-degree hard. See Section 2.3 for a full statement of these
results.

Alternative proof strategy for hardness of recovery. We give a reduction showing that if
there were an algorithm that successfully recovers a planted community, one could turn this into
an algorithm for testing one community versus two. Therefore, the “hard” regime for recovery
contains the “hard” regime for testing community structure. We prove this in Theorem 7.2 — see
Section 7.

Although the reduction seems straightforward, there are some technical challenges: we suppose
an algorithm recovers the planted community in the one-community case, but we cannot control
how the algorithm behaves when there are two planted communities.

Our reduction provides an alternative method for establishing detection-recovery gaps, rather
than studying the recovery problem directly. For problems where recovery of the planted structure
is strictly harder than detecting its presence, it is not viable to deduce optimal hardness of recovery
from a planted-versus-null testing problem. However, we demonstrate that it is possible to attain
the sharp recovery threshold via reduction from a planted-versus-planted problem, as long as the
two planted distributions are appropriately chosen.

1.1 Related Work and Open Problems

The low-degree testing framework. Unfortunately, it seems to be beyond the current reach of
computational complexity theory to prove that no polynomial-time algorithm can distinguish two
random graph models, even under an assumption like P # NP. Nonetheless, a popular heuristic —
the low-degree testing framework [BHK*19, Hop18, HKP*17, HS17] (see [KWB22] for a survey) —
gives us a rigorous basis on which to form conjectures about hardness of such problems. Specifically,
we will study the power of low-degree tests, a class of methods that includes tests based on edge
counts, triangle counts, and other small subgraph counts. Strikingly, low-degree tests tend to be
as powerful as all known polynomial-time algorithms for testing problems that are (informally
speaking) of the flavor that we consider in this paper; see [Hop18, KWB22] for discussion. In this
paper, we will prove low-degree hardness, meaning failure of all low-degree tests (to be defined
formally in Section 2.1), for certain testing problems; this can be viewed as an apparent barrier
to fast algorithms that we believe is unlikely to be overcome by known techniques, and perhaps
indicates fundamental computational hardness.



Planted-versus-planted testing. We emphasize that there is a key difference between our work
and existing hardness results for high-dimensional testing. The testing problems we consider are
between two different “planted” distributions, each with a different type of planted structure. In
contrast, previous low-degree hardness results for testing (e.g., [Hopl8, HKP™17, HS17, KWB22]
and many others) have always considered testing between “planted” and “null,” where the null
distribution has i.i.d. or at least independent entries. On a technical level, planted-versus-null
problems are more tractable to analyze because we can explicitly construct a basis of orthogonal
polynomials for the null distribution, which enables easy representation of the so-called ‘advantage’
(see (2.4)), the main quantity to bound when using the low-degree polynomial approach, but this
strategy seems more difficult to implement for planted-versus-planted problems.

The idea of planted-versus-null testing goes beyond the low-degree framework. Other forms
of average-case lower bounds typically also, either explicitly or implicitly, leverage an easy-to-
analyze null distribution; this includes reductions from planted clique (e.g., [BR13, BBH18§]),
sum-of-squares lower bounds (e.g., [BHK™19, KMOW17]), and statistical query lower bounds
(e.g., [DKS17, FGR™17]). In fact, these frameworks seem to struggle in settings where there is
not a simple null distribution in the hypothesis test.

Our work overcomes this barrier that has limited the use of the above methods: we demon-
strate for the first time that low-degree hardness results can be proven for planted-versus-planted
problems. We give some general-purpose formulas (Propositions 2.8 and 2.9) that can be used
to analyze a wide variety of such problems in random graphs or random matrices, not limited to
just the specific models studied in this paper. The proof techniques are inspired by [SW22], which
studies estimation problems rather than testing. On a technical level, the core challenge in our
analysis is to bound certain recursively-defined quantities called r, (defined in (2.5)). These are
analogous to the cumulants that appear in [SW22], and while the r, are not cumulants, they enjoy
a number of similar convenient properties (see Section 3) that are important for the analysis.

Open problems. A natural next step is to investigate whether our method yields sharp computa-
tional thresholds for other problems that exhibit detection-recovery gaps. For example, the problem
of parameter estimation in sparse high-dimensional linear regression likely has a detection-recovery
gap (see [BAH™22]) and can potentially be related to a testing problem between two planted models,
e.g. between a sparse linear regression and a mixture of two sparse linear regressions.

Another open question is whether our computational hardness result can be shown in ways
beyond the low-degree testing framework, such as by using the sum-of-squares framework, statistical
query framework, or reduction from the planted clique problem. In particular, if the problem of
testing community structure can be reduced from planted clique, this would yield a reduction from
planted clique to planted dense subgraph recovery, which is an open problem (see [BBH18]).

2 Main results

2.1 Low-degree testing

We begin by explaining what it means for a low-degree test to distinguish two high-dimensional
distributions.

Definition 2.1. Suppose P,, and Q,, are distributions on RN for some N = N,,. A degree-D test
is a multivariate polynomial f,, : RN — R of degree at most D (really, a sequence of polynomials,
one for each problem size n). Such a test f is said to strongly separate P and Q if, in the limit



\/max{vé;r[f],vﬂgr[f]} = o ([E (]~ Ealf1),

and weakly separate P and Q if

\/max{véw[fwgr[f]} = O ([Be[f] ~ Bal /)

Strong separation is a natural sufficient condition for success of a polynomial-based test because
it implies (by Chebyshev’s inequality) that P and Q can be distinguished by thresholding f’s output,
with both type I and II errors o(1). Weak separation also implies non-trivial testing, i.e. better
than a random guess; see [BAH"22, Prop. 6.1]. In this paper, we characterize the limits of low-
degree tests. For upper bounds, in the “easy” regime, we show that a constant-degree test achieves
strong separation, implying a poly-time algorithm for testing with o(1) error probability. For lower
bounds, in the “hard” regime, we show that for some D = w(logn), no degree-D test can achieve
even weak separation. Because many known algorithms can be implemented as degree-O(logn)
polynomials (e.g., spectral methods; see Section 4.2.3 of [KWB22]), we treat this as “evidence”
that no polynomial-time algorithm achieves non-trivial testing power, i.e. better than a random
guess. Our results, in fact, often rule out much higher degree tests (e.g., D = n*(1)), depending on
how far the parameters lie from the critical threshold.

2.2 Model formulation

We consider the problem of testing between two random graph models, both of which contain
planted communities but with different community structures. We focus on testing between two
additive Gaussian models where the edge weights are Gaussian, and between two binary observation
models where the edges are unweighted and the diagonal is set to zero to ensure no self-loops in
the graph.

Definition 2.2 (Additive Gaussian model). Given the number of vertices n, total community size k,
signal strength X\ > 0, number of communities M, and vector of community proportions x € [0,1]M
with Zé\il x¢ = 1, define the additive Gaussian model P = Pgayssian (1, k, A, M, x) as follows. Under
P, independently for each i € [n] := {1,2,...,n}, the community label o; is sampled such that o; = ¢
with probability x¢k/n for each € € [M] and o; = * (a symbol indicating membership in none of the
communities) with probability 1 —k/n. For each i, j € [n] with i < j, the edge weight Y;; is sampled
from

v N(%,l), oi=o0; =1L for some (€ [M],
K N(0,1), otherwise.
For i > j, the edge weight Y;; is defined to be Yj;.

Notice that with the above definition, each community ¢ € {1,2,..., M} is expected to be of
size xyk and the expected number of vertices which do not belong to any community is n — k. The
choice of mean \/xy ensures that on average, the vertices in one community have the same weighted
degree (row sum of V) as the vertices in any other community.

Definition 2.3 (Binary observation model). Given the number of vertices n, total community size
k, edge probability parameters q,s = 0, number of communities M, and vector of community pro-
portions x € RM with Zé‘il xy = 1, define the Binary observation model P = Pginary(n, k, q, 5, M, x)



as follows. The community labels {0;};c[n) are sampled the same way as in the additive Gaussian
model. Given the community labels, for each pair of vertices i,j € [n] with i < j, the edge weight
Y:; is sampled from

v {Bernoulli (q + 287) , o =o0; =1L for some (€ [M],
ij ~

Bernoulli (¢), otherwise.

For i > j, the edge weight Y;; is defined to be Yj; and the diagonal entries set to zero Yy = 0.

For example, if we want to model two communities of equal sizes, we can choose M = 2 and
T = T9 = % The communities are then both expected to be of size k/2. If we also set s = ¢ we
have an in-community connection probability of 3¢ and every other pair of nodes is connected with
probability ¢ as in the toy model discussed in the Introduction.

The two models introduced in Definitions 2.2 and 2.3 only differ in the edge weight distributions,
as the community labels follow the same distribution under both models. Alternatively, we can
write Sy for the set of vertices in community ¢, so that o; = £ if and only if i € Sy. Note that by
definition, each vertex ¢ can belong to at most one community. In other words, the communities
{Se}ee[ar) are disjoint.

With the other parameters fixed, we consider testing between model P with M planted commu-
nities and community proportions z € [0, 1], and the model Q with M’ planted communities and
community proportions 2’ € [0, 1]’ for some M’ # M. In short, for both Gaussian and Bernoulli
edge weight models, we establish a “hard” regime where the distributions P and @Q cannot be
weakly separated by low-degree tests. We consider the regime n — oo and allow all the parame-
ters k, A\, M,z to depend on n; thus, our results can apply to a growing number of communities,
although our main focus is on the case where M, M’ are fixed so that our upper and lower bounds
match.

Theorem 2.4 (Additive Gaussian model). Given parameters n,k,\, M, M' x,2’, define distribu-
tions P = Pgaussian (1, £, A\, M, z) and Q = Pgaussian(n, k, A, M’ 2").  Assume that M mingzy > C
and M'ming x}, = C for some constant C > 0. Write M = |M — M'| and M = max{M,M'}. We
have:

o If D5J/\4\2)\2(kz2/n v 1) = o(1), then no degree-D test weakly separates P and Q.

o If ]\72)\214:2/71 = w(1l) and ]\7%:/]\72 = w(1), then there exists a degree-1 test that strongly
separates P and Q.

In the regime k? > n, M = O(1), and D < polylog(n), Theorem 2.4 precisely characterizes (up
to logarithmic factors) the computational threshold for low-degree testing. This threshold coincides
with the conjectured computational threshold for recovering a single planted community, which has
been established in the low-degree polynomial framework [SW22, Theorem 2.5]. We focus on the
k? > n regime in this paper, as this is where there is a conjectured detection-recovery gap, but
we suspect that when M is constant, A2(k%/n v 1) ~ 1 is the computational threshold across the
entire parameter regime. The optimal test when k% < n should be based on the maximum diagonal
entry, and while this is not a polynomial, it should be possible to approximate it by one (similar
to Section 4.1.1 of [SW22]).

Theorem 2.5 (Binary observation model). Given parameters n,k,q,s, M, M’ x,2', define distri-
butions P = Pginary (1, k, ¢, 5, M, z) and Q = Pinary(n, k,q, s, M', 2"). Assume that M mingxz, > C
and M'mingx), > C for some constant C > 0 and that q + s/(mingz¢) < 7 for some constant
7 < 1. Write M = |M — M| and M = max{M, M'}. We have:



o If D5]\72(52/q)(k2/n v 1) = o(1), then no degree-D test weakly separates P and Q.

o If M*3(s%/q)k?/n = w(1), M3k = w(l) and ]\72k/M\2 = w(1) then there exists a degree-3
test that strongly separates P and Q.

The upper and lower bounds match (up to log factors) provided k? > n, M = 0O(1), D <
polylog(n), and ¢ = 1/n. The condition ¢ > 1/n is natural since without it there will be isolated
vertices. The regime k% < n is more complicated, and some open questions remain here even for
simpler testing and recovery problems than those we study here; see Section 2.4.1 of [SW22] for
discussion.

2.3 Formal relation to low-degree recovery

While there has been much work on studying the low degree polynomial framework for measuring
the computational hardness of problems when one wishes to detect the presence of hidden structures,
a recent line of work [SW22] has extended the framework to the setting where one wishes to recover a
planted structure from noisy data. We use this recent work to show a connection between detection
and recovery — namely, for any given recovery problem where one wishes to estimate some scalar
quantity g(X) € R of the planted distribution (e.g. g(X) = X1) from some observation Y € RY,
there is a specific testing problem with the same computational hardness regimes and, in the other
direction, for any testing problem Hy:Y ~ P versus Hy : Y ~ Q, as long as Px « Qx so that the
likelihood ratio of the signal dPy/dQx exists, there is a corresponding recovery problem with the
same computational hardness regimes.

To show these equivalences, we compare the object Corr from [SW22, Eq. (2)] to our notion of
advantage Adv. In particular, we have

COI’I’gD(g(X),@) ‘= sup Q—u (21)

where we have written g(X) to indicate that the scalar quantity we are estimating depends on the
underlying unknown signal X, and we treat Q as the joint distribution of (X,Y). We also define
Corr’ that renormalizes Corr by dividing through by Ey [g(X)]:

, ~ 1 Eglg(X)f(Y)]
Cor’ <p(g(X),Q) i= ————— ki 2.2
orr \D(g( ) @) E@ [g(X)] f Zlelng E@ [f(Y)Q] ( )
We compare Cort’ to our advantage Adv defined in (2.4),
Advep(P,Q) := sup Bl /()] (2.3)

f deg D A/Eq[f(Y)?]’

and, loosely, we notice that Advep (P, Q) equals Corr’ < p(g(X), @) when Q equals @ and P is defined
such that Ep[f(Y)] = E@[g(X)f(Y)]/E© [g(X)]. This gives rise to the following proposition.

In the testing and recovery problems respectively, the conjectured-hard region, i.e. where low-
degree algorithms fail, is that where Adv and Corr’ respectively are 1 + o(1) which for testing rules
out f which weakly distinguish f in the testing problem (and O(1) which rules out f which strongly

distinguish).



For the case of recovery the notion of failure relates to the low-degree minimum mean squared
error MMSE<p := inff qeg p Eg[(f(Y) — g(X))?]. Note the trivial estimator f(Y) = Esl9(X)], a
constant polynomial, achieves MSE of Eg [9(X)?] - IE@[g(X)]2 and by Fact 1.1 of [SW22],

~

2
MMSE<p = Eg[g(X)*] = Eglg(X)]*Corr'Zp(9(X), Q).
Thus Corr’ = 1 + o(1) rules out f which do substantially better than the trivial estimator.

In the following proposition we assume the probability distributions are either discrete or have
a density function.

Proposition 2.6.

1. Given any recovery problem to estimate non-negative g(X) given Y with joint distribution
(X,Y) ~Q and 0 < Eg[g(X)] < o0, there exists a joint distribution (X,Y) ~ P such that for
the planted testing problem Hy: (X,Y) ~Q vs Hy : (X,Y) ~ P,

Adv<p(P,Q) = Corr’ <p(g(X), Q).

2. Given a testing problem between two planted distributions Hy : (X,Y) ~ Q and Hy : (X,Y) ~
P, if ¢(X) := dPx/dQx exists and Y|X is the same under P and Q, then for the estimation
problem g(X) = £(X) in Q,

Adv<p(P,Q) = Cor’ <p(g(X), Q).

The proof of Proposition 2.6 is included in Section 6, where we also show that our Proposi-
tions 2.8 and 2.9 generalize the cumulant upper bounds on Corr shown in [SW22].

Consider the important special case when we estimate the indicator of an event A on the signal,
meaning that g(X) = I{A}. In this case, Proposition 2.6 shows that the equivalent testing problem
is one where we test between H; : X ~ P versus Hp : X ~ Q where Q is the measure describing the
randomness in the observed Y, and P is the measure of Y conditional on the occurrence of event A.

2.4 Proof overview

Main quantity to bound: advantage. In order to rule out weak separation between distribu-
tions P = P,, and Q = Q,, on R, it will suffice to bound the degree-D “advantage,” named as
such to emphasize that it measures the ability of low-degree polynomials to outperform random
guessing. The degree-D advantage, Adv¢p, is defined as

Advp(P,Q) = sup —2ld]

f deg D A/Eq[f?]’

where f ranges over polynomials RY — R of degree at most D. The quantity Adv<p is also the
norm of the degree-D likelihood ratio (see [Hop18, KWB22]), but we will not use this interpretation
here as the likelihood ratio is difficult to work with in our setting. We note that while the notion
of separation is symmetric between P and @, the notion of advantage is not; for our purposes,
we could just as easily work with Adv<p(Q,P) instead of Adv<p(P, Q). The following basic fact
connects Adv¢p with strong/weak separation.

(2.4)

Lemma 2.7. Fix a sequence D = D,,.



o [f Adv<p(P,Q) = O(1) then no degree-D test strongly separates P and Q.
o If Advep(P,Q) =1+ o(1) then no degree-D test weakly separates P and Q.

The proof of Lemma 2.7, along with the proofs of all facts in this section, can be found in Section 5.
In light of Lemma 2.7, it remains to bound Adv¢<p. We will provide a few general-purpose bounds,
one for Gaussian problems and one for binary-valued problems. Both will involve recursively-defined
quantities ry, introduced in what follows.

Recursive definition for r,. Suppose X is a random variable taking values in R, which may
have a different distribution under P and Q. For «, 8 € NV where N = {0, 1,2, ...}, define

la] := Zai, al = Hai!, <g> = H <gl>» and X% = I_IXZO‘Z

i i
Also define 8 < o to mean “f; < «; for all i” and define 5 < « to mean “f; < «; for all ¢ and for

some 17 the inequality is strict: 8; < «;.” With this notation in hand, define r, = 7,(X) € R for

ra =Ep[X°]— > g (g) Eq [Xa*ﬂ] : (2.5)

0<Bxa

a e NV recursively by

Bounds on advantage. We have the following general-purpose bounds on Adv¢p in terms of
ro defined in (2.5). The proofs are inspired by [SW22] and can be found in Section 5.

Proposition 2.8 (General additive Gaussian model). Suppose P and Q take the following form:
to sample Y ~ P (or Y ~ Q, respectively), first sample X € RN from an arbitrary prior Px (or
Qx, resp.), then sample Z ~ N(0,1Iy), and set Y = X + Z. Define r,, as in (2.5). Then

Adv<p(P,Q) <

aeNN [ |a|<D

Proposition 2.9 (General binary observation model). Suppose P and Q each take the following
form. To sample Y ~ P (orY ~ Q, respectively), first sample X € RN from an arbitrary prior
Px (or Qx, resp.) supported on X € [ro, 7|N with 0 < 79 < 71 < 1, then sample Y € {0,1} with
entries conditionally independent given X and E[Y;|X] = X;. Define ro, as in (2.5). Then

2

T
Adv<p(P,Q) <  E R
ae{o,l}z]N,ng (ro(1 —71))l!

Combinatorial properties of the r,. The upshot of the two propositions above is that to show
hardness of distinguishing P versus Q, it suffices to bound the recursively defined r,. This task
is made easier by indentifying combinatorial properties that the r, enjoy. In Section 3, we show
general results for how properties of the probability spaces transfer to behaviour of the r,. We
may consider o € NV as a multigraph (see Section 3.1), and we word the results in this language.
Loosely speaking, the results we present are as follows:

If P and Q are multiplicative for disjoint graphs o and 8 then rqo g = rorg (Lemma 3.1).

If Ep[X 7] = Eg[XT7] for all trees 7, then the r value is zero on trees (Lemma 3.2).

The r-values are indifferent to constant shifts to X (Lemma 3.3).

If we scale X by a constant factor ¢ to construct 7, then 7, = c/®r, (Lemma 3.4).



Putting it all together. In Section 4, we pivot back to considering our particular probability
spaces P and Q and calculate the expected value of X“ as a function of properties of the graph
a (see Lemma 4.1). This, together with the multiplicative and tree results for the r,, allow us to
bound Adv in the Gaussian case. The scaling and shifting properties of the r, are used to show we
can deduce the graph case from the Gaussian case.

3 The recursive algebra of planted vs planted

The recursively defined r, play a central role in our proof. By Proposition 2.8, the ‘advantage’
Adv is bounded above by a sum of squares of the r,; therefore, to show low-degree hardness
for a distinguishing problem, it is enough to control the size of this sum of squares. In this
section, we explore the combinatorial behaviour of these r, and show that they exhibit very nice
properties under only mild assumptions on the probability spaces P and Q. (We will write P and
Q for the probability spaces in this section, both to emphasize that these results hold for general
probability spaces and to ease the notational burden.) We assume throughout that both P and @
are symmetric, i.e. they are supported on X for which X;; = Xj;.

3.1 The graph interpretation

As in [SW22], it will be convenient to think of a € NV as a multigraph, possibly with self-loops,
on the vertex set [n], where N = n(n + 1)/2 and we take a;j, for each ¢ < j, to be the number
of edges between vertices ¢ and j. For example, for n = 3, N = 6 and if we fix the order to be
a = (a11, 012, @22, 13, o3, arzz) then (0,2,0,1,1,0) is the graph & and, for n =2, N = 3, (1,1,0)
is the graph G-« a single edge with a loop at one vertex. For graphs a and [, we consider g to be
a subgraph of «, denoted 8 < «, if the labelled edge set of § is a subset of the labelled edge set
of a. For example, for the graph a = &, the graphs 8 = s and 3/ = ¢\ are distinct subgraphs.
For graph « and subgraph 8 < «, define o\ to be the graph obtained from « by first removing
the labelled edges in 8 and then removing isolated vertices - e.g. &\ = oo (N0t o%). Similarly, let
a N B denote the graph obtained by first taking the intersection of both graphs and then deleting
any isolated vertices.

The usefulness of considering graphs with labelled edge sets is that it simplifies the expression
for the recursion in the definition of r,. To avoid confusion, write v, for the vector that maps to
the graph a. Note, first, that if vg < v,, then 8 © o and vice-versa. However, the counts are
different. For fixed av and 3, with vg < v,, there are (Z;) many distinct edge-labelled graphs 3
such that 8’ < « and vg = vg. Hence, for edge-labelled graphs, the equivalent recursive definition
to (2.5) is as follows, where the sum is over edge-labelled subgraphs. For graph «, the term r, is
defined recursively by

ra =Ep[X*]= Y ryEq|X°V], (3.1)

oo el
starting from the base case of the empty graph ry = 1. For example, if the probability spaces are
exchangeable (i.e. f =/ and ' = L. etc. have the same expectations under both P and @) then

ra = B | X7| - Bq [xP] - 3nEq [ x| - 3r 0 Bo [ XY

We may also define the r, non-recursively as follows — see Remark 3.5 and the end of this section
where we show the equivalence of the two definitions. For any set « let P(«) be the set of partitions

10



of a. For partition 7 let |7| denote the number of parts and v € 7 indicates that the set 7 is a part

in the partition 7.
ra= 3 Ep[x°] Y (—1)7 [ [EqlX] (3.2)

PSHC T€P(a\d) YET
We will use the notion of edge-labelled subgraphs, denoted <, to aid the proofs, but for the rest
of the paper we consider a € NV, or equivalently a a graph without edge labels, and denote by <
the non-labelled subset or subgraph relation.

3.2 Combinatorial properties of the r-values

We will be interested in how properties of the probability spaces transfer to the behaviour of r.
We will see that the r, behave multiplicatively over taking disjoint unions if the following property
holds for P and (). Let o u 8 denote the disjoint union of o and 3. We say the probability space
A is multiplicative over disjoint unions if (3.3) holds:

EA [XO‘UB] =E4s[XY|Ex [Xﬁ] for any graphs a and (3. (3.3)

Lemma 3.1. Suppose P and Q) are symmetric and multiplicative over disjoint unions, i.e. they
satisfy (3.3), then for any o and 8, we have roug = T4 73.

Proof. We proceed by induction on the number of edges. Base case. Suppose « consists of two
disjoint edges, denoted by { and §. Then from (3.1),

rys = Ep [XI] Ep [X] — 1y Eq [XI] Eq [X] —ry g [X] —nEq [XI] ,
where we used the multiplicative property of (3.3) to deduce Ep [XI E] =Ep [XI] Ep [XE] and,
= Ep

[XI] _

similarly, Eq [XI E] = Eq [XI] Eq [X:] Now substituting ro = 1 along with rt
Eq | X ! and the corresponding expression for re, we get

rpy = Ep [ X Bp | X3 — Bp [ x| Bg | XE] — Bp [ X3 Bq [ X + Eq [ XF| Bq [ X3] = ryry.
Inductive step. Fix 7 = au  (where «, 8 aare disjoint) and assume the factorization of r holds
for graphs with fewer than |7| = |a| + |5] edges. For any graph v define z, by zy := Ep [X] —r,.
Then, first note

za 2 =Ep [X*]|Ep [Xﬁ] —r,Ep [XB] —rgEp [XY] + rq s,

and that because « and 3 are disjoint and P satisfies (3.3), we have Ep [X?]Ep [X?] = Ep [X*V7].
Hence,

2028 = Ep [XO‘“B] —roEp [XB] —rgEp [XY] + rq s,
and now (back) substituting Ep [X*] = rq + zq and Ep [X?] = 5 + 25 we find
rarg =Ep [XO‘U’B] —Ta 28 — T8 Za — Za 28-
By definition, roug = Ep [X auﬁ] — 2Zqup; therefore, to complete the proof, it suffices to show the
identity

ZauB = 28Ta + 2a T8 + Za 23- (3.4)

11



Again, write 7 = a U 8 and note that by the definitions of r, and z,, we have

& =Ep[XT]-r,= Y rEq [XT\V] . (3.5)

YT

Now observe that for any v & 7, because 7 = a U 3, we have v = v, U 73 where 7, = v N «
and v3 = v n 3. Thus, v is a disjoint union of v, and ~g with strictly fewer total edges than
au f. Therefore, (U B)\y = (a\a) U (B\3) where o\, and 5\ys are disjoint, so by assumption,
Eq [X (“UB)\V] = Eg [X O‘\%‘] Eq [X B\vs ] and by the inductive hypothesis r, = r,,7,,. Hence, for
any fixed v € a v 3,

r Eq [X(O‘Uﬂ)\V] =1, Eq [Xa\%] ry Bg [XB\W] . (3.6)
There are two special cases for (3.6). If 7, = «, then
B [ XU = g r B [XP0] (3.7)

and symmetrically for the case g = 3. Note that because 7 is a strict subgraph of o U 3 either of
Ya = a or vg = 3 may hold but not both.

In the expression for 2, = z,_3 in (3.5) we take the sum over {7y : @ < v & au } and partition
it into sums over the sets S1 = {y: 70 =a, @S 183 S B}, Sa={y: D S 7 & @, 73 = B} and
S3={7:9<Sv Sa F<y3 < [} We begin with S;. By (3.7),

> Eo | X = W rary Bo [ X7 | = 10 2. (3.8)
~vEST DSYsEB

The final step uses that zz = Zggwﬁﬁ 75 EQ [XA\%], similar to (3.5). Next, taking the sum over
Sy yields rg 2z, in the same way as in (3.8). Lastly, the sum over S3 is given by

> 7 Eq | x| - 3 Pow B [ X200 | roy B | X709 | = 2, 2. (3.9)

Y€S3 PVaGo, BEY3EB
By (3.5), we see that z; = z,,3 can be obtained as the following sum:

tavg =2 = 3, TEQ X7 = W mEq [ X7+ Y mEo | X[+ Y rEq [X7V]

DCYET YeST YESa YyeS3

=Tq 23 +7T82q + 2a 23

where in the final step above we have used results (3.8)-(3.9). Thus, we find (3.4), confirming the
identity as required. ]

Lemma 3.2. For all 7 where T is a forest, meaning a graph with no cycles, suppose that P and Q
satisfy Ep [ X7] = Eq [XT]. Then, ro = 0 for any forest graph «.

Proof. The proof is almost immediate by induction on the number of edges. For the base case we
note = Ep [X*] —Eg [X‘] = 0. For any fixed forest a and 8 < «, the graph  is a forest on
strictly fewer edges and so by induction 73 = 0, but then r, = Ep [X*] —Eq [X*] = 0. O

We also show that one can add a constant shift to the distribution without changing the values
of the r,. The proof is somewhat technical, so we relegate it to Section 5.

12



Lemma 3.3. Let X be defined by )~(¢j = Xi; + y;; where y;; € R is non-random for each pair i,j.
For any probability spaces P and Q, let ro = ro(P,Q, X) and 7g = 73(P,Q, X). Then, for all v,
we have that v, = 7.

The following lemma concerns the effect on r of scaling.

Lemma 3.4. Fiza e R and a # 0. Let X be defined by X’ij = aX;j. Then for any probability
spaces P and Q, forrq = ro(P,Q, X) and g = 73(P,Q, X), and for all v, we have that 7, = alvl Ty,
where |y| equals the number of edges in the graph =y, i.e. |y| = |E(%)|.

Proof. This proof is a simple induction on |a|. The base case is easy as Ty = rg = 1 as required.
Now, fix a for some || > 1, and assume we have proven the result for |3| < |a|. Notice, that by

definition, we have Ep [)N(O‘] = al®Ep [X*] and Eq [)}5] = aflEg [X?]. Therefore,

Fa=Ep | X% = Y TapBo|X7| —dtEp (X~ Y FapaEg |X7].

joleyilentet joleyilente?

By the inductive hypothesis, 7,3 = alo\dl T\ and so by the equation above we are done, as
alBlgle\sl = gled. O

Remark 3.5. We show that the non-recursive formula for the r, given in (3.2) is equivalent to
the recursive one in (3.1). For convenience we restate (3.2) below:

ro(P,Q) = Y. Ep[X°] > (-1 [Eqlx"]. (3.10)

jolatiatel TeP(a\d) YET

This follows by induction. Small cases may be checked. For the inductive step, assume the for-
mula (3.10) holds for all sets of size at most k and let o be any set of size k + 1. Then by (3.1),
and noting the induction assumption holds for each 8 we have the following, writing as for IEP[X5]
and by for Eq[X7],

ro(P,Q) = an — Z 78bo\ g = o — Z bo\8 Z as Z (1)l |T]!wa.

Jojaliletey [ojegcietey @cécB  TeP(B\S) VET

We may now swap the order of summation to yield
ra(P.Q) =aa— >, as > bag Y, (=D ]bs.
@Cica  gcpca\d TeP(B\9) VET

For 7 a partition of B\0, let T be the partition constructed from T by adding the part a\B and note
that 7' is a partition of &\d. Note each 7" appears |7'| = |7| + 1 times in the sum above, and hence

ra(PQ)=aa— Y. as Y, (D] b,

@Cica  TeP(a\d) yeT!

which matches the non-recursive expression for r as claimed.
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4 Proof of Theorems 2.4 and 2.5

In this section we give the full proofs of the main results, Theorems 2.4 and 2.5.

Proof of Theorem 2.4. Hard regime. We start by proving the computational lower bound. By
definition of the Additive Gaussian model, we can write the observed edge weights Y = {Y;;}i<; as
Y = X + Z, where Z consists of i.i.d. N'(0, 1) entries, and

X, — Ny o; = aj. = ¢ for some / € [M], (41)
0 otherwise.
Recall the sequence r,, defined recursively via
ro =Ep[X°]— Y 5 <O‘> Eg [Xa—ﬂ] :
0<Bxa 6
By Lemma 2.7 and Proposition 2.8, we have that if
2
D, 2 =1+o0(1), (4.2)

a:la|l<D

then no degree-D test can weakly separate P and Q. Thus, to prove the computational lower bound,
it suffices to show that (4.2) holds for D’ X2M?2(k%/n v 1) = o(1).

We will demonstrate (4.2) by proving the following three facts. (We consider the sets «v as graphs
and write V' («) for the vertex set and C(«) for the set of connected components, see Section 3.1
for details.)

(i) For all v, the term r,, factorizes over the connected components of . That is,

Ta = H rg.

peC(@)
(ii) If at least one connected component of « is a tree, then r, = 0.

(iii) For all o, where |a| = |E(a)| counts the edges in the graph «,

TE\ 1 [V ()]
MM k
] v
70| < (la] + 1) ( c ) <n> .

Fact (i) follows directly from Lemma 3.1. To see Fact (ii), we note that by Lemma 3.2 it suffices to
show that for any 7 a tree, we have Ep [X"] = Eg [X7]. But recall that for a tree, the number of
edges is one less than the number of vertices, i.e. |[7| = |[V(7)| — 1 and 7 consists of one connected
component so that |C(7)| = 1. Thus, by Lemma 4.1 we are done. Fact (iii) follows from Lemma 4.2.
We will state and prove Lemmas 4.1 and 4.2 at the end of this section.

Next, we argue that the three facts combined yield (4.2). From fact (iii), we have for each «,

5y 2 2V (o)
r2 < (laf + 1)2° (1\9) (i)

—, |E(a)| |V (a)|—|E(a)|
21212 2
= (Jof + 1) (M h ) (%) prVel

C?n n
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From (ii), we know that 7, is nonzero only when all connected components of « contain at least
one cycle. Denote

Giw = {a:|E(a)| =d; |V(a)| = v; for all € C(a), B is not a tree} .

Note that for all d,v such that v > d, we have that G, = @ because if all connected components
of a contains at least one cycle, we must have |a| = |V (a)|. Thus for k2 > n, we have shown that
for all d,v with a € Gg,,
: oa ( F120242
—v

On the other hand, for k? < n, we have

r2 < (d+1)* (myd <k>2 <(d+1)* <m>2d n?
@™ C n) = C '
Combined with the bound on 72 for k? > n, we have shown that
AN\ (K ’
ro < (d+1) (C) (n v 1) n".

Next, we bound the size of G4, by counting the number of graphs with exactly d edges and v

vertices:
n\ [v\?
<
()(2)

where the factor (Z) enumerates the possibilities for the vertex set in «; the (g)d factor counts the
allocation of the d edges, allowing for edge multiplicity. Combining (4.6) (see Lemma 4.2 below)

|G n'v??, (4.3)

N
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and (4.3) yields

7“2 ) D d ?”2
7<r0+22 1
a:lal<D d=1v=1 eG4,
D d ir 2
M) k
<1 Jod+ D) =2 VA v
+;§|Qd|(+) <C’><nv) n
D d r 2
M\ k
v .2d 2d —v
<1+;;nv (d+1) (C’) <nv1> n
D AN\ (K i
_ 2 2d
d=1 v=1
D M k2 ’
<1+D D+1)2D? | == ~ v
+ dz—jl (D +1) <C> (n v )
D a2 ’
<1+DZ <2D20> <v1>
d=1 n
a2
=1+ (1+o0(1))4D? <C> (n v 1) =1+o0(1),

where the last two equalities follow by the condition D5(]T4\ A)2(k%/n v 1) = o(1), under which the
summation over d is a geometrically decreasing sequence, dominated by the first term.

Easy regime. Next, we show that in the “easy” regime /\21\72(k2/n v 1) =w(l)and M2 = w(]/\J\Z),
there is a low-degree test that strongly separates P and Q. When A2M?k?/n = w(1), consider the
algorithm that uses 7' = }}, Yj;, the sum of the diagonal elements, as the test statistic. We can

compute the first and second moments of T under the two models using (4.1) to note that under
P, we have Yj; = %Z + N(0,1) if 0; = 0 = £ for some ¢ € [M] and Y;; = N(0, 1) otherwise, where

each community label ¢ is selected with probability %J“

1-— % Under Q, we replace z and M with 2/ and M’.

ee[m] t ¢e[M]

Eo | 7| = nEq[Yi1] = Mk,

- eepr) N

Var [T| <nEq V2] =n+ Y kX

o L] Qlt1n A 5”2'
e[M’]

16

and no label is selected with probability

oS A
Ep |T| =nEp[Yu]l=n| )] = Plor =t} + 0 P{or =+} —=n ), — = Mk,

kA2

- )\2
Vgr T <nEp[Y121]=n Z <2+1>-P{01=€}+1-P{01=*} =n+ —,
) le[M]

Ty



Note also that M minyz, > C implies maxy;1/z, < M/C; thus, ZKM%[ < M?/C. Hence,
when ]\7%:/]\72 =w(1) and ]\72)\21452/11 =w(l),

o {var 7] var 7]} = o (2 [7] - 2o 7]

Thus, thresholding T strongly separates P and Q. O

Proof of Theorem 2.5. Hard regime. The proof proceeds by comparison to a corresponding Gaus-
sian model, so that we can reuse the calculations in the proof of Theorem 2.4. Our starting
point is Proposition 2.9. Define X = X (@) appropriately for our binary testing problem, i.e.,
Xi(ij’S) =q+ s/xgif 0 = 0 = £, and Xi(f’s) = ¢ otherwise. Let 79 = ¢, and recall that we have a
valid constant 71 < 1 by assumption. Consider the additive Gaussian testing problem (as in The-

orem 2.4) with the same parameters n, k, M,z as our binary model, and with X := s/4/q(1 — 7).
Let X denote the corresponding X as per Proposition 2.8, i.e., XZ-(f\) = MNxpif o5 = 05 = ¢,

and XZ-(;\) = 0 otherwise. Note Xi(]q’s) = (s/N)X; ) 4 ¢ and so by Lemmas 3.3 and 3.4 we have,
o (X @) = (s/A)lelry (XN). By Proposition 2.9,

(g:5)
AdV$D(P7Q) < Z T'a()(q)m' — Z o (X(/\))Q
\ ae{0,1}V, |a|<D (q(1 =) ae{0,1}V, |a|<D
2
< Z M
a!
\ aeNN |a|<D

In other words, we have related the conclusion of Proposition 2.9 to the conclusion of Proposition 2.8
but with s/4/¢(1 — 71) in place of A. The result now follows by the proof of Theorem 2.4.

Easy regime. We now consider a signed triangle count R as our test statistic. Let

R= 2 Ri;Rii. R, where R;; = Y;; — q. (4.4)

i<j<k

Expectation and variance calculations for R are computed in Lemma 5.1 of Section 5.5. Denote by
M the maximum of M and M’. Then,

Es [R] ~Eq[R]| = §|M— 2] 81 (1400,

o {Var [ 7] var [ 7] |

1 = — 1 =~ —~
< 6M2k536 + ME*s*q + 5M2k485 + %n?’q?’ +nk?sq® + K3¢%s + kK2qs® + %Mk?’s?’ (4.5)

and

where C' is the constant from the assumption that M mingzp, M minyz, > C. Writing M =
|M — M'|, notice that to prove strong separation it suffices to show that each term in (4.5) is
o(M255kP). For the fourth term to be o(M?2s°k) is equivalent to M2/3s2k2/(nq) = w(1), one of our
assumptions. Similarly, for the first term to be 0(]\7 2465) is equivalent to M2kM? = w(1) another
of our assumptions. For the last term to be o(M M2s5k5) is equivalent to M2/3MV3sk = w(1),
which is implied by our assumption M-1Bgk = w(1). All other terms follow also due to these
assumptions. O]



Lemma 4.1. For each € NV and for each x = (z1,...,x.) with duze =1,

EP[XQ]:)JM(DV(Q H Zf'f BI-181

BeCl(a

Proof. First consider 8 a connected graph. Note that for (i,5) € f, if it is not the case that i,j € Sy
for some ¢ then X9 ~ A(0,1) and so Ep [X(W')] = 0 (here, we have used that our Sy’s do not
overlap). Hence, for 8 connected,

[ ] Z]P’ 8) e S (az)m:i(a:flk)wﬂ)(:;)lﬁ.

(=1

Notice, it is now enough to show that the X#’s are independent for 8’s connected components of
o, as this would imply that Ep [X“] = [sccq) Er [X?] and we have the result.

This independence follows because X 9 depends only on the events [i € Sy], [j € Sy] for each
¢,0; thus, X# and X7 are independent as long as their vertex sets V() and V(8’) do not overlap.
As the vertex sets of connected components are mutually non-overlapping, we have finished the
proof. O

Lemma 4.2. Suppose Mx 1y = C and M’z = C where x(1) 1= ming x¢ for some constant C > 0.
Then there exists ng € N such that for n > ng, for all o, we have that r,, satisfies

iy \ 1 V()]
af [ MA k
70| < (Ja+1]) (C ) <n) ) (4.6)

Proof. We will argue by induction on |a|. A graph a with |a| = 1 is either a tree with two vertices
and one edge, or a self-loop with one vertex and one edge. If « is a tree, then r, = 0 and (4.6)
trivially holds. Recall M = max{M, M'}. If « is a self-loop, we have by Lemma 4.1,

o = Ep[X%] — Eg[X®] = MA <:> — M’ (i) < (la] + 1) (?) : (z)wmn :

where the last inequality is because C' < Mz ;) < 1. We have shown (4.6) for [a| = 1. Suppose (4.6)
holds for all a with || < d — 1; next, we show it also holds for |a| = d.

If « is not connected, then each connected component 5 € C(«) has |§| < d. Thus, from the
factorization lemma and the induction hypothesis, we have

7\ V()| 77\ V()
_ | [ AM k jof [ AM k
el = 1 < T1 09140 (C) (5) <tal+ (C B

Thus (4.6) holds. Next, we show (4.6) for o connected. If « is a tree, then by Fact (ii) we have
« = 0 and (4.6) holds. Therefore, it suffices to consider « that is not a tree. Recall that

re = Ep [XY] —Eqg [X¢] — Z rs <g> Eq [Xa\ﬁ] : (4.7)

0<fsa
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For the first term in (4.7), we can apply Lemma 4.1 for connected a:

1\ V@) o
Ep [X°] A <> T V@il
Le[M]

n

V(a
ol (BN v
n M

A V@)
_ el <> (M) V@l yp1- v+l

n

ol /2N V(@)
< (MM (k M-IV @)
C n

el /e V@)
g - i
(o) ()

for large enough n. The first inequality is because assuming « is not a tree, |V ()| < |af and z; < 1;
the second inequality is because 1 > Mz ;) > C, thus (Mx(l))W(a)‘*'a' < clV@)l=lel < ¢=lal; the
last inequality holds since |V ()| > 1.

Next, we bound the third term in (4.7). For each 8 < « that is nonempty, |3| < |a| = d. From
the induction hypothesis, we have

7y \ A V()
MM\ k
Irgl < (18] + 1)"8‘ <C> <n> .

Thus,

i\ e\ vl V(@\8)l
o M\ (K e )
‘rﬁEQX \ﬂ] < (8l + )" (0) <n> AoV (n) [T 3 @vorh
veC(a\B) Le[M']

=\ lol V() [ 77\ "1\l ~[V(B)nV(a\B)|
MM k M k
“ (e ( c ) () <0> (%) 1L & o

VEC(a\B) Le[M']
=~ \ lef V(o) —~\ —1l
MA k M _
< (18] + 1) (C’) <n> H (C) Z ()Y OI=D1,
yeC(a\B) te[M’]

Next, we show that for all v € C(a\f8), we have that (]M\/C)_h| Soeian @)VOI=1 < 1. Note
that [V(v)| < |v| + 1. We discuss the cases |[V(y)| = |y| + 1 and ng’y)] < |v| separately. If

V()| = |7] + 1, then
—~\ —1l —~\ —1l
M Vil M
<C> S (@) VO-hl — <c> <1

Le[M']

If |V ()| < |y, then we have

—~\ —l —h

M - MNP @ e N IVE=h]

(C’) e[zj\l/[](mfﬁ)V(v)l h < (C’) M ($/(1))|V(7)\ < (M:E/(l)) M-IVl o
c !

Q evel g € g
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—~

where (a) is from M’ < M; (b) is from M’x’(l) > C and |[V(y)|] < |vl; (¢) is from C < 1, M > 1,
and |V (v)| = 1 for all v € C(a\3). We have shown that

TE\ V()|
M k
‘TﬂEQ Xa\/s‘ < (18] + D) (O ) () :

n

Plug in the values of Ep[X*] and Eg[X“] to (4.7) to obtain

—~ \ lof V(o) V()| T\ V(@)
MA k k 5 M k
el = ( ¢ > <n> i - <n> +0<,3<a <g> o 1)‘B| ( ¢ ) <n>

o\ /g V@I
M k
<|t+1+ ) 8+ (C) <n>

where the last inequality is because
2 ° ol = 2 2N 041y < 1)l
+ZB(\BI+)—+Z o )+ < (ol + 1)
0<fsa 0<l<|af

We have shown that (4.6) holds for all a. O

5 Additional proofs

5.1 Proof of Lemma 2.7

First we prove the statement for weak separation. Assume, for the sake of contradiction, that some
degree-D test g : RV — R weakly separates P and Q. Without loss of generality, we can shift and
scale g so that Eg[g] = 0 and Ep[g] = 1. Weak separation guarantees that for sufficiently large n,
Varg[g] = Eg[g?] < C for some positive constant C' > 0. Defining f = g + C, we have

Ep[f] _ 1+C - 1+¢ _ 14C
VEolf?] Eglg?]+C2~ VC+C? ¢’

which is a constant strictly greater than 1, contradicting Adv<p = 1 + o(1). The proof for strong
separation is identical, except now C = o(1).

AdVgD =

5.2 Proof of Proposition 2.8

The proof is similar to the proof of Theorem 2.2 in [SW22], so we only explain the differences. Our
distribution Q plays the role of the single “planted” distribution in [SW22]. The only difference is
that the quantity E[f(Y)z] from [SW22] needs to be replaced by our Ep[f(Y)], which means (in
the notation of [SW22]) the vector ¢ needs to be redefined as co = Ep[ho(Y)] = Ep[X]/Val.
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5.3 Proof of Proposition 2.9
Follow the proof of Theorem 2.7 in [SW22], but redefine ¢ = (ca)acfo,13v by ca = Ep[X®] where
Xi=(u+1/w)X; —1/pand p = 4 /1;—071. This gives the bound

o(X)2
AdVSD(P’Q) < Z 1 : ( ) 2o
ae{0,1}V, |a|<D (1+70—7)

where 74(X) is defined in (2.5). Using Lemmas 3.3 and 3.4, we have ro(X) = (1 + 1/p)1%ry (X)),
so the above simplifies to give the result.

5.4 Proof of Lemma 3.3

Base case(s). Note that by definition 75 = rg = 1. Let |o| = 1, 1.e. a = {ij} for some 1 <i < j < n.
Then the base step follows directly from the definition

Fa = Ep [)?w] —EQ [)?”:l = Ep [XU] +yij —EQ [X”] _yij =Tq-

Inductive step. Fix a with |a| > 1 and assume 7g = rg for all 5 & «. Directly from the definition
of r and the inductive hypothesis,

Fa =Ep | X% ~Eq[X*]| = Y TapEe|X?|
N L e R (5.1)
—Ep | X ~Eo[Xe| = Y rasEe X7
BB
We consider the third term, call it . Writing y" to indicate Hijen Yij, first notice that
Eo|X7| = Eq | [T(Xy + ) | =Ee|X°|+ Y y'Eq|x|; (5.2)

ijep IEnSpB

hence,

k= ), rapkq [Xﬁ]JF 2. raw Y, Y'Eq [Xﬁ\n]'

PGPS [ojedi et @Ench

If we let 8’ = S\n, instead of summing over @ < 8 < « and then & & 7 € 3, we may sum over
@ < n<athen @ < B < a\n. Thus, noting also that o\ = (a\n)\F,

#= ), rasEe [Xﬂ]Jf 2V Y TeweEe [Xﬁ']-

(2 elentay DenGa ocpf/'ca\n
But, by the definition of 74\,
Y e Ee|[ X =rant Y remwEe | X7
@cf/ca\n BB Ga\n

— Ep [ X1 —Eq [x°V],
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which gives the following expression for sk where we no longer have the sum over 3

%= Y rapBo|X°|+ Yy (Bp|X°V| —Eq|xV)).

joleysleter GEnNGo

Substituting this expression for s into our original expression for 7, in (5.1), we have

7. =Ep [)N(a] ~Eo [)N(O‘] — @Z a8 EQ [Xﬁ] _ Z y" (Ep [Xa\n] —Eg [Xa\n]) .

PCnCa

SP&Q

However, using (5.2) (and a similar result on Ep [)N( 0‘]), we see that this last term is precisely what
we need to cancel with the difference between Ep [)N( O‘] and Ep [X“] and the difference between

Eg [)}0‘] and Eq [X %], as

S o (e -za[]) - T v (e xe] -ze[xe])

oEnGa IenSo

Therefore,
To =Ep [Xa] - EQ [Xa] - Z ra\BEQ [XIB] = Tas
[Zjescleer

and we have proven the inductive step.

5.5 Calculations for signed triangle counts

In this section we analyse the degree 3 signed triangle count test statistic ]/1?, defined in (4.4), and
show bounds on the expectation and variance of R, which will prove it strongly separates P and Q
in the easy regime. Recall,

k= Z Rij Rk, Rjg, where R;; = Yi; — q.

i<j<k

Lemma 5.1. We let P = Pginary(n, k,q, s, M, x), given parameters n,k,q,s, M and x € RM with
ZZG[M] xy = 1. Assume that M minyx, > C. Then,

Ep [}AB] = éMs?’k:3 (1+0(mn™h),

~ 1 1 1 1
Vgr [R] < 6M2k556 + ME*stq + 5M2k455 + gn?’q3 + nk?sq® + k3¢%s + k3qs® + ng3s3.
Proof. Recall that in our model, the binary random variable Y;; takes value 1 with probability
q + s/z. if 0; = 0j = ¢ for some ¢ € [M] and takes value 1 with probability ¢ otherwise. Thus, we
may calculate the expected values of R;; conditioned on the community assignments of 7 and j:

= if ¢; = ¢j = ¢ for some c € [M],

Ep [Rz] | 0; =G, 05 = Cj] = {xc (53)

0 otherwise.

We now split the proof into expectation and variance calculations. All probabilities, expectations
and variances will be with respect to P, but we drop the subscript.
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Expectation. Let )
N = {{ij, ik, jk} : d,j. ke [n], i <j <k},

and then we may express the signed triangle count R by R = Digenti Rs. Fix a set of edges in
N wlo.g S = {12,13,23}. Then, writing [M]. for the set {*,1,..., M} (recall * denotes no
community membership),

E[Rs]Z Z E[R12R13R23|O'1201,...,0‘3=Cg]P(01261,...,0’3203)
c1,¢2,c3€[ M«
3
= Z 1_[ E[Rij|01:CI;--~703:CB]HP(Ui:Ci)7
c1,c2,c3€[M]« i5e{12,13,23} i=1

as the expected values of R;; and R; are independent conditional on the community assignments
of i, j, k. Note by (5.3), E[R;;|0; = ¢i,0j = ¢;] is equal to zero unless ¢; = ¢; = ¢ for some ¢ € [M].
Therefore the only non-zero terms in the sum above are those for which ¢; = co = ¢3 = ¢ for some
c € [M]. Let C. be the event that o1 = 09 = 03 = ¢, then

& 2 M s (kae\®
E[Rs] = > [[E[R;|C [[P(oi=c) =) xi”( n) MRS
L 3

c=1 ijeS 7 c=1

Because [N = () = $n3(1+ O(2)), the expectation of R is as claimed.

Variance. Recall R = D senti Rs and so the variance is
Var [fz] - Y E[RsRr] - E[Rs]E[Rr].
S, TeNtri

Note that if V(S) n V(T) = &, i.e. the sets of pairs have no vertices in common, then Rg and Rp
are independent and these terms cancel in the expression above. Hence we need only sum over S, T
with one overlapping vertex, with two overlapping vertices or equivalently one overlapping edge
and lastly with all three vertices overlapping or equivalently S = T'. Thus

Var [ﬁz]s S E[RsRrl+ Y E[RsRrl+ Y E[R3]. (5.4)
S, TeNtri S, TeNtri SeNtri
V(S)AV(T)|=1 |SAT|=1

The terms above correspond to the sets of pairs overlapping as oo Lrand A respectively where
the gray edges denote pairs in S and the pink edges denote pairs in 7.

We begin by bounding the first term in (5.4), i.e. that corresponding to I Fix some pair of
sets which overlap on one vertex, w.l.o.g. S; = {12,13,23} and 77 = {14, 15,45}. Then, similarly
to the expectation, again writing [M], for the set {,1,..., M},

5
E[RSIRTJ = Z H E[Rij | 01261,...0'5265] HP(UZ'ZQ)

Clye.sc5€[ My 1jeS1VT i=1

as the expected values of R;; and R;; are independent conditional on the community assignments
of 4,7, k. Note that E[R;j|l0; = ¢;,05 = ¢;] is equal to zero unless ¢; = ¢; = ¢ for some ¢ € [M].
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Therefore the only non-zero terms in the sum above are those for which ¢; = ... = ¢5 = ¢ for some
ce€ [M]. Let C, be the event that o1 = ... = 05 = ¢, then

5 M 86 lmc 5 s 6 s M 1
RSlRTl Z H ij|Cc] HP(Uz— 221‘6( n ) =k°s’n" Z;
i=1 c ¢

c=1 ijeS1uT1 =

Since there are at most n® ways we may pick S, T e N"! with |[V(S) nV(T)| = 1, we may conclude
that the first term of (5.4) is at most k°s% ZC 1 xc

We next bound the second term in (5.4), i.e. that corresponding to «{+. Similarly to above, fix
some pair of sets which overlap on one edge, w.l.o.g. Sy = {12,13,23} and T, = {12, 14, 24}.

4
E[RSQRTQ] = Z E[R12R13R23R14R24 ‘ 01 =Cly...,04 = C4 HP
ce[M]4 i=1

4
- Y Elfhle—d [ ElRsle=d [[ Pl (55)
=1

ce[M]4 ij€{13,23,14,24}

since, as before, R;; and R;;, are independent when we have conditioned on the community assign-
ments of 4, j, k. Again, recall E[R;jlo; = ¢;,0; = ¢;] is equal to zero unless ¢; = ¢; = ¢ for some
c € [M]. Thus for the product over ij € {13,23,14,24} in (5.5) to be non-zero all vertices must
have the same community assignment to some c € [M]. Hence,

M 4
E[Ys,Yr] = Y ERLIC] ] Rij|C] [ [P(o

c=1 z‘je{13,23,14,24} =1
Calculate the conditional expectation of the square.

q(1—¢q)+ =(1—2q) if¢;=c; =c for some ce [M]
e . (5.6)
q(1—1q) otherwise,

E[RZQJ ‘ 0; = C, 045 = Cj] = {

and thus,

Since there are at most n* ways we may pick S,T € N Wlth |S nT| =1, we may conclude that
the second term of (5.4) is at most Mk*s*q + k*s® ZC 1 xc

Lastly we bound the third (and last) term in (5.4), i.e. that corresponding to «%. Similarly to
above, fix a set S (and 7" which entirely overlaps with it), w.l.o.g. S5 = {12, 13,23}. Calculate

E[R%,] = P(Do)(q(l—q)) +ZZP zc( 1—(1)+(1—2Q)>1(Q(1—Q))3i

i=1c=1

i
< P(Do)g’ +ZZP e <q+x> ¢
C

i=1c=1
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where D; . denotes the set of community assignments such that 7 of Ri9, R13, Re3 has distribution
Ber(q + s/z.) (while the others have distribution Ber(q)), and Dy denotes the set of community
assignments where all three have distribution Ber(q). Observe D . is the set of assignments such
that two vertices have label ¢ € [M] and the other vertex has label in {*,1,..., M}\{c} and thus
P(D1,.) < 3(zck/n)?. Note Dy = @. Lastly P(Ds.) = > eps(zck/n)? as D3 is the community
assignment where each of the three vertices has label c. Then P(Dg) = 1=, . P(D1,.c)—>,. P(D3).
Substituting these bounds for Dy and D; . for i = 1,2, 3 and writing p. = kz./n we get

M M 3
E[R2 < B(1—-302— %) +3 2 S\ 2 3 s
[RE) < ¢*(1—3p7—p}) + ;lpc a+ - )a +c;pc Gt
M
= @ +3n%k%sq® + n3k3 <3q2s 2 xg + 3¢s® + Ms3> .

c=1

Since there are () ways to pick S € N'™ the third term of (5.4) is at most %n?’E[R%S],

%n?’E[R?qg] < %n3q3 + nk%sq® + k3¢%s + k3¢s® + %Mk?’s?’

where we substituted Y., 72, c1; 22 < 1. To finish, recall we assumed M min. z. > C for some
constant C, and note this implies max. 1/z. < M/C and thus >, 1/22 < M?/C. Apply this to the
bounds from the first and second terms of (5.4) and we are done. O]

6 Relation to recovery: proofs and further discussion.

In this section we prove Proposition 2.6 showing the relation between the recovery problem studied
in [SW22] and testing between two planted distributions. Loosely, Part 1 of the proposition states
that for any recovery problem we may construct an equivalent testing problem, and Part 2 states
that for testing problems where the likelihood ratio of the signals exists there is a corresponding
recovery problem.

In [SW22] the authors show an upper bound on Corr(g(X), Q) in terms of cumulants ko where Q
is additive Gaussian or Binomial. We show in Remark 6.1 below that our Propositions 2.8 and 2.9
which bound Adv in terms of cumulant-like quantities 7, recover these cumulant upper bounds
proven in [SW22].

Proof of Prop 2.6, Part 1. We construct Px (the planted part of the distribution PP) by size biasing
Qx by g(X), then setting Y| X in P to be the same as Y| X in Q. Suppose first that Q has density
function ¢(z,y). Let

p(x) = g(z)q(x)/Eglg(X)]
and let p(y|x) = q(y|z). Note this does define a density function since

| oo wdsdy = [ plolopte)dody = &~ [ al@lavin)atordedy = 1.

b
olg(X)]

Comparing the definitions of Adv in (2.3) and Corr’ in (2.2) it suffices to show that Ep[h(Y)] =
Eqlg(X)h(Y)]/Eg[g(X)] for any polynomial h. To see this holds note

Ep[h(Y)] = jh<y>p<yx>p<x>dzdy _ E@[gl(X)] f 9(2)h(y)a(yle)g(x)dedy =

as required.

25



If we suppose that Q is a discrete distibution the proof is similar. Set
PIX = z] = g(z)Q[X = z]/Eq[g(X)]

and let P[Y = y|X = z] = QY = y|X = z]. Then, similarly one may check P is a probability
measure and

Ep[h(Y)] = Y h(yP(Y =y|X = 2)P(X = z)

as required. O

Proof of Prop 2.6, Part 2. Suppose first that the joint distribution (X,Y) ~ Q (respectively ~ PP)
has density function g(x,y) (respectively p(zx,y)).

Again, comparing the definitions of Adv in (2.3) and Corr’ in (2.2) it suffices to show that for any
polynomial i we have Ep[h(Y)] = Eg[g(X)h(Y)]/Egl[g(X)] = Eglg(X)h(Y)], since Eg[g(X)] = 1.
We may calculate

Eolg(X)h(¥)] = f o(@)h()a(ylz)a(x)da'dy = f h()a(yl2)p(z)dedy

where the last line followed since g(X) = £(X). Now recall that p(y|z) = ¢(y|z) by assumption and
thus by the above,

Eqlg(X)h(Y)] = Jh(y)p(ylﬂf)p(w)dwdy = Ep[n(Y)],

as required.
If we suppose that Q is discrete, then by definition of g = g(X) and since Y| X has the same
distribution under P and Q

Polg(X)A(Y)] = D g(x)h(y)Po[X = a]Pg[Y = y|X = 2]
z,y
= D h(y)Pp[X = 2]Pg[Y = y|X = 2] = Ep[h(Y)]
as required. ]

Remark 6.1. In Proposition 2.6 we have seen that the quantities Adv<p(P, Q) and Corr p(g(X), Q)
are the same under some circumstances (i.e., for some triples g(X),P,Q). In this remark we o0b-
serve that the upper bounds for Adv<p (P, Q) in terms of ro in this paper imply the upper bounds on
Corr’ in terms of ko in [SW22]. Note the proofs of the respective results follow the same sequence
of steps. The ro enjoy some nice properties, see Section 3, and it is instructive to see that they
extend the cumulants ko of [SW22].

To be precise, for an additive Gaussian model, Theorem 2.2 of [SW22] shows CorrgD(g(X), Q) <
EIQKD k2 /a! and we recover this result via Propositions 2.6 and 2.8. By Proposition 2.6, Part 1
and its proof, there exists a joint distribution (X,Y) ~ P such that g(X) = dPx/dQx and

Adve<p(P,Q) = Corr’<p(g(X), Q).
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Now note that by Proposition 2.8, Adv<p(P, Q) < X}, 1<p r2 /o) and thus it suffices to show we have
ro(P, Q) = ka(9(X),Q) for the given g(X), P and Q. Recall the non-recursive expression for the
ro from (3.2):

ra(P,Q) = > Ep[X°] Y, (=) |r|] [Ee[X7].

FCiCa TeP(a\9) VET

The kq in [SW22] are the joint cumulants of the random variables indezed by o and g(X):

Ra(9(X),Q) = >, (=DM (Jx = D! [Eq[X7]

TeP(aux) YET

where we denote X* = g(X). Note each partition ™ above contains * in some part, say n, and
let " = n\x. Let 7’ be the partition 7\n and note each © € P(a U *) gives rise to a unique
e P((awu *)\n) = P(a\n') with |7'| = |x| — 1. Thus,

o= ), Eo[X"g(X)] Y (=DM [ EqlX].

genca m'eP(a\n’) ~yer!

Now we simply note that Eg[Xn'g(X)] = Ep[X 1], and thus ro = ko as required.

7 Reduction from PDS recovery to testing 1 vs 2 communities

We recall Definition 2.2 of Pgaussian (7, k, A, M, z), which plants M communities of total expected
size k, with signal strength A, and expected proportions of nodes within each community = =
(1,...,2zp). In the special case, as below, when each community has the same expected size, i.e.
x; = 1/M for each i, we drop the last argument and write Pqaussian (7, k, A, M). Given a hypothesis
testing problem to distinguish between Hp : Y ~ Q and H; : Y ~ P, we say an algorithm B := B(Y')
strongly distinguishes if Po(B = 1) = o(1) and P1(B = 0) = o(1), or in other words, if both the
probability of type 1 and type 2 error approach zero with growing n.

Conjecture 7.1 (testing 1-vs-2 hypothesis). If k and X\ scale with n such that A\*(k*/n v 1) = o(1),
then no sequence of randomized polynomial time algorithms B,, := B, (Y') can strongly distinguish
between Hy : Y ~ Q = Pgaussian(n, k, A\, 1) and Hy @ Y ~ P = Pgaussian(n, £, A, 2).

We will say that an algorithm, A, achieves weak recovery in Q = Pgaussian(n, k, A, 1) if there
exists € > 0 (not dependent on n) such that A, returns a set I such that w.h.p. |I n S| > ¢k and
|I| < 1.1k, where S is the planted set in Q.

Theorem 7.2. Assume the testing 1-vs-2 hypothesis (Conjecture 7.1). If k and X scale with n
such that k = loglogn, A2(k%/n v 1) = o(1) and X\ = k~'/?logn, then no sequence of randomized
polynomial-time algorithms A,, achieves weak recovery in Pgaussian (1, £, A, 1).

High-level description. The intuition for the proof is as follows. Assume this were not true;
namely, assume there exists a sequence of algorithms A, that achieves weak recovery in Q =
PGaussian (12, £, A, 1). We will prove that if this is the case, one can construct a sequence of algorithms
that can strongly distinguish between one and two communities, leading to a contradiction.

In more detail, consider that we have access to an algorithm A := A, that outputs a set of
indices I, which weakly recovers the single planted community under Q. Then we can boost this
to output I’ achieving exact recovery. The idea will be that we can then construct an algorithm
B := B, that can run some (polynomial-time) checks on the output set I, given to us by A and
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boosting, that w.h.p. can distinguish between P or Q. In designing the algorithm B, we have
to consider both cases, Hy : ¥ ~ Q and Hy : Y ~ P. Notice that under Hy, we know that
A weakly recovers the single community; however, under the two-communities case, Hy, we have
no guarantees on what set I will be returned by algorithm A, and this is the real challenge in
constructing the algorithm B.

It turns out that the key to constructing the distinguishing algorithm B is to consider both the
trace and sum of Y7/, the data reduced to only the set I’, which we have after boosting the set I
returned by algorithm A. The high-level idea is that w.h.p., under Hy we have a good idea of what
values the sum and trace should take, as we are guaranteed that I’ has large overlap with the single
community. However, under H1, either the sum will be too small or the trace too large, depending
on the makeup of block I’ relative to the two communities.

Let us think more about what can happen with the output of A and boosting, in the two-
community case, Hy. If the returned block I’ has large overlap with the pair of planted communities,
the trace will likely be > 3kA/2 (which is much larger than the expected trace in the single-
community case) and so we construct B to return 1 if the trace is very large. On the other hand,
if the returned block I has small overlap with the pair of planted communities, then the sum will
likely be < 99KA/100 (which is smaller than the expected sum in the single-community case) and
therefore we construct B to also return 1 when the sum is too small. What the previous two
sentences say is that constructing B to use a large trace or small sum threshold will correctly guess
P under H; (when P is true), irrespective of the contents of set I’ that the algorithm A and boosting
return in this case.

One extra trick that helps control the noise error when we calculate the trace and sum of the
returned block is that of cloning as in, for example, [BBH18]. Note that under P and Q the matrix
Y can be written Y = X + Z where Z is a Gaussian matrix independent from the signal X, which
will take different forms depending on whether the data is generated under Hy or Hj. Cloning
means that given Y we may generate three matrices Y1) Y (1) and Y3): such that they have the
distributions Y1) = X /2 + Z(a) y(18) = x/2 4 705 and Y = X/v/2 + Z?). Thus, we have
constructed three matrices which are sums of a scaled version of the original signal matrix with
independent noise matrices Z(1), Z(% and Z(?). (The signal strengths are now X = \/y/2 and
N = A/2.) This allows us to run algorithm A on matrix ¥ (1) returning output I, and then to
boost I to I’ using YY), resulting in a set I’ that is independent of Z(2). Finally, we use Y® for
the trace and sum tests.

See Figure 7.2 for an illustration of the types of returned blocks I’ that can be output by
algorithm A and boosting in Hy : Y ~ Q, the single-community case, and Hy : Y ~ P, the two-
community case. The figure also shows the approximate expected trace and sum of the submatrix
restricted to I’ in each of the cases.

Algorithm Definition. Mathematically, the algorithm B = B, is defined as follows — see also
Fig. 7.1. Recall that we have been given Y, an n x n matrix and that A, is an algorithm that
achieves e-weak recovery in Q = Pgaussian(7, £, A, 1), the one-community model.
First, generate Z’ and Z”, both n x n symmetric matrices, by independently sampling Zlfj ~
N(0,1) for i < j and setting Z7; = Z;; (and independently generate Z” in the same way). Then set
!/ ! 1 " 1 "
_YrZ e Y2 oy _YOAZ o YO -2
V2 V2 V2 V2

Next, run A = A,, on Y19 to produce output I. Denote by e; the binary vector with support 1.
Now, let v = Y()e; and define I’ by thresholding: set i € I’ if v; > Ak/(loglogk). Then, with

y®
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Algorithm WEAK RECOVERY TO TESTING 1 Vs 2
Inputs: Matrix Y € R"*™ algorithm A = A,.
1. (Pre-processing — cloning step.)

Generate independent matrices Z’, Z” ~ N(0,1)®"*" with independent Gaussian entries.
Set M = A/v/2, A" = \/2 and compute the matrices

1 1
YW — —(v+2) and YO = —_(v -2
V2 V2 ’

v — Liy® iz and vy - Ly g,

V2 V2

2. (Weak recovery.)
Run algorithm A4 on Y to get output I < [n]. Let er be the vector with i-th entry 1
if 1 € I and 0 otherwise.

3. (Boosting step.)
Let v = Y(e;, then define I’ = {£ : v, > k)\/(loglogk)} to get I’ < [n].

4. (Check size, sum and trace of returned block.)
Consider submatrix M = YI(,Q) and set N = M2, If |I'| — k < Vklogk, sum(M) >
Nk? — k32 1og? k and tr(M) < 3N'k/2 then output 0. Otherwise, output 1.

Figure 7.1: Reduction from weak recovery of planted dense submatrix (PDS) to testing between
one-block and two-block models. See also Fig. 7.2.

N = AN2,

5o [0 i Ik < VElogk, sum(YS) = Nk? — k32 log?k, and tr(Y}”) < 3Nk/2, 1)
1 otherwise. '

To show that B distinguishes correctly w.h.p. requires some auxiliary lemmas. We give results
on cloning from [BBH18]. We also record some well-known tail bounds for normal and binomially
distributed random variables. We first prove Theorem 7.2 assuming these lemmas, then provide
the lemmas in the next section.

Proof of Theorem 7.2. Let k and A scale with n as prescribed. Also, let Q = Pgaussian(7, k, A, 1) and
let P = Pgaussian (7, £, A, 2). Assume for the sake of contradiction that a randomized polynomial-
time algorithm A,, achieves weak recovery in Q. We will show that under this assumption, the
algorithm B, defined in (7.1), achieves strong detection between Hy : Y ~ Q and H; : ¥ ~ P,
leading to a contradiction.

Recall, to show that B achieves strong detection, we must prove that Po(B = 1) = o(1) and
P1(B =0) = o(1). In what follows, we call these proofs Part 1 and Part 2.

Part 1: Py(B = 1) = o(1). Throughout Part 1 we assume the data is generated from Y =
X + Z ~ Q, the one-community model.
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N(N,1) N(0,1)
v NO.D N1 I
t1
t2 4
trace Nk 2Nk Nk 2N (t1 + t2) 0
sum N2 N2 IVE? N (2 + 13) 0

Figure 7.2: Diagram showing possible returned blocks of the matrix after running the recovery algorithm

and boosting. In detail, we depict YI(,Q), i.e. the submatrix of Y(?) restricted to the indices I’ output by the
recovery algorithm A,, run on Y **) and boosting on Y (**) in the proof of Theorem 7.2. Here, the shaded
regions represent entries Yi(»2 ) where i, are both part of the same planted community, and we have depicted
just the submatrix Y7 for index sets I with size approximately k. Under Hy, we show the recovery algorithm
and boosting returns a set I’ with set-difference o(k) from the planted structure S. Under H; there are no
guarantees on what the algorithm will return, and we present a selection of possibilities: (i) the entire planted
structure (both communities), (ii) one of the two planted communities, (iii) ¢; vertices from community 1
and to in community 2 and (iv) none of the planted structure. For each possibility we give the expected

values of the trace and sum of the submatrix YI(,2) (to leading order). In the proof we show that we can
distinguish between Hy and H; via the sum and trace of the returned block in Y@,

By Lemma 7.3 it is equivalent to sample Y (1@ Y (1) and Y2 as follows. Construct X in the
usual way: i.e. independently for each ¢ € [n] sample the community label o; such that o; = 1 with
probability k/n and x otherwise. For each 4, j € [n] with i < j X;; = 1[0; = 0 = 1], and for ¢ > j
set Xij = X]z

Sample n x n matrix Z(% . Independently for each i,j € [n] sample ZZ»(jla) ~ N(0,1) and for

1

1> 7 set Zi(jl) = Zj(ul). Independently sample Z(1?) and Z® in the same way. Then set

yo = 1x 4 z00 vy = 1x 4 709 and vy = X+ AL
9 2 *
Let I be the returned set after running the algorithm A, on Y% and let I’ be the returned
set after the boosting step. The important observation is that I’ is independent of Z(2).
We define a number of events which hold w.h.p. and show that if these events occur then de-
terministically the algorithm B returns 0.

Definition of events

Define Ej to be the event that for some ¢ independent of n, [S1 n I| = ek and |I]| < 1.1k.

Define E; to be the event that I’ = S; i.e. that after the boosting step, the set I’ is exactly the
planted community.

Let E5 be the event that ||S1| — k| < Vklogk.

The next two events concern the sum and trace of the noise matrix Z? induced on the set I'.
Recall since I’ depends only on Y1) and Y9 it is independent of Z). Let E5 be the event that

sum(Z}z)) > —klogk (7.2)
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and let F4 be the event that
tr(2Y) < Vklogk. (7.3)

Claim 1la. Under Hy, if Ey, ..., F4 hold then the algorithm B outputs 0.

Claim 1b. Under Hy, the events Ey, ..., E4 hold w.h.p.

Proof of Claim 1a.
We will now calculate bounds on the sum and the trace. Notice that that sum(YI(,Q)) =

%sum(Xp) + sum(Z}?)). Let t; = |S1 n I'| and note that sum(X},) = %)\t% = N2, where
we recall N = \/+/2.
Recall, when E; holds then after boosting I’ = S;. Hence since Ey, E1 and Es hold then,

1I'| = |S1] < k+ O(Vklogk) + o(k) = k + o(k).

Therefore
sum(Xp) = Nk2(1 4 o(1)).

Hence, since F» holds,
sum (V) = NE2(1 + o(1)) — klogk = Nk2(1 + o(1)) — N&*/2log ™ k,
where the second inequality follows since X > k~/21log? k. Similarly, since Ey, E; and F3 hold,
r(V?) < V(1L + o(1)) + VElogk < Nk(L + o(1)) + Nklog L k.

Hence, w.h.p. the interval I’ passes the three checks in (7.1) and B returns 0 as required, and we
have proven the claim.

Proof of Claim 1b.
FEvent Eqy holds w.h.p.
By assumption on A, Py(Ep) =1 — o(1).

Event E1 holds w.h.p.
Let v = Y(We;. Fix £ € [n] and calculate the /-th entry of vector v as follows:

v = [1Xer+ ZWe],
1b
= %ZXZZ' +ZZéi )
i€l 1€l
_ [N S|+, 2" dfees,
Sy 280 if ¢S,

Recall that by the design of the algorithm B the set I is independent of the noise Z(1?). Thus
Diel Zgb) has distribution N (0, |I]). Let & be the event that | Y, ; Zgb)| > 2¢/klogn. Recall, that
if Ep holds then |I| < 1.1k and |InS| = k. Hence if Ey holds we may apply Lemma 7.4 (with m = 1,
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r = logn + loglogn and o = (1.1k)"/2 note ov/2r = (2.2k(logn + loglogn))'/? < 2(klogn)'/?) to

see that
2

P(&) < .
(f) nlogn

Now note if Fy and & hold and ¢ € S then for some £ > 0 independent of n,
ve = $hek — 2k % log!?n > $ack — 2kAlog ™2 n

where the second inequality followed since A = k~1/2logn. But note that the RHS above is greater
than the threshold k\/(loglog k) for large n (since k grows with n). Hence if Eyp and & hold, and
¢ € S then £ € I'. Similarly for £ ¢ S if Ey and & hold then

ve < 2k1? logl/2 n < 2kA log_l/2 n

and the RHS above is below the threshold kA/(loglog k). Hence if Ey and & hold, and ¢ ¢ S then
¢ ¢ I'" We may now take a union bound over ¢ € [n], and thus w.h.p. Ey and all & hold and so
w.hp. I' = 8.

Event E5 holds w.h.p.

The event F5 is an indicator that the single planted community has approximately expected size.
Let S; < [n] be the set of vertices labeled ‘1’ i.e. Sy = o~ 1(1) for o sampled as above. Note that
|S1| ~ Ber(n, k/n); thus, by Lemma 7.5, we have

1

Py(Ey) = Po (HSl] — k| < \/Elogk> >1- 2exp{ 3(logk)2} =1-o0(1),

since k is growing with n. Note by construction the community assignment is the same for Y1)
Y (1) and Y@,

Events E5 and E4 hold w.h.p.

We have already established Ey, F1 and Es holds w.h.p. and now show that if Fy, F1, Es hold
then w.h.p. F3 and Ej4 hold.

Since Ey and E; hold we have |I’| = k(1 + o(1)). Recall I’ and Z®) are independent hence if

|I'| =t then the sum of Z}?) has distribution N(0,t + 4(3)) = N(0,2t> — t). (Since the trace/sum
of diagonal is distributed as N(0,t), and the sum above the diagonal is distributed as N (0, (3)).)
Hence we may apply Lemma 7.4 (with m = 1, » = logk and ¢ = v/2t), and w.h.p.

sum(Z},Q)) > —/2t1og"? k.
Since if E7 and E9 hold then ¢ = k(1 + o(1)), and these hold w.h.p., then w.h.p.
sum(Z},Q)) > —2tlog"? k > —klogk,

i.e. F3 holds.
Similarly if |I’| = ¢, and since I’ is independent of Z},Q) then the trace of Z},z) has distribution
N(0,t). Hence by Lemma 7.4 (with m = 1, » = logk and ¢ = /1), w.h.p.

tr(Z}?)) < Vtlog'? k.
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Then, as earlier, w.h.p. tr(Z}?)) < Vklogk and hence w.h.p. E; holds.

This concludes the proof of Claim 1b, and thus we have established Part 1 of the proof.

Part 2: P{(B = 0) = o(1). Throughout Part 2 we assume the data is generated from Y =
X 4+ Z ~ Q, the two community model.

Equivalently, we may sample yUla) y() and Y@ as follows. Independently for each i € [n]
sample the community label o; such that o; = 1 with probability k/2n o; = 2 with probability
k/2n and * otherwise. For each ,j € [n] with i < j X;; = 2A\1{0; = 0; = ¢] for £ € {1,2}, and for
i>jset X[ = X,

Sample n x n matrix Z(1%) as in Part 1. Independently for each i, j € [n] sample ZZ-(jla) ~ N(0,1)
and for ¢ > j set Zi(jl) = Zj(z1 ), Independently sample Z(1? and Z® in the same way. Then set

yio = 1x 4 z00 0 y0b —1x 4 709 anqd v® = X+ A

This direction is a bit more subtle since we have no guarantees on what set I the algorithm A
will return when given Y with two planted communities — and so no knowledge of the set I’
which will be returned after boosting see Figure 7.2.

Note if ||I'| — k| > vklogk then the algorithm B returns 1 and we would be done, hence we
may assume that |I'| € k + vk log k.

We define events F; that the planted communities have roughly the expected size. Additionally,
E,, E3 concerning the maximum noise in Z(?) of the returned block (of size about k). In particular,
E5 will be the event that the total sum and FE3 that the trace of the noise in the returned block
are small.

To define Ey, for i = 1,2, let S; < [n] be the set of vertices labeled “i’, i.e. S; = 0~1(i). Let Ej
be the event that |S1, |S2| < k/2 + vklog k.

Define FEjs, as the event that the following bound holds:

sum(Z},z)) < klogk,
and define 3 as the event that the following bound holds:

tr(Z?) > k2 log k.

Claim 2a. Under Hi, if F1, Es, E5 hold then the algorithm B outputs 1.
Claim 2b. Under Hq, the events Eq, Eo, E3 hold w.h.p.

We first note that the proof follows by the claims before proving the claims. If B outputs 1 when
Ei,...,Bqioccurthen P1(B=0)=1-P;(B=1) <1-Pi(Ein...nEy) <Pi(E{)+... +P(Ef) =
o(1) and we would be done, as required.

Proof of Claim 2a. Assume Ej, Fs, E3 hold and that the algorithm B outputs B = 0 (and seek
a contradiction).
(2)

We will see that since Fo and E3 hold we get bounds on the sum and trace of Y, in terms of
the number of vertices of each planted community in I’. In particular, let t; = ¢t;(I') = [S1 n I’
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and let to = to(I') = |Sa n I'|. See also Figure 7.2. Note that since E; holds and each t; is a subset
of S;, then we know that t1,t, < k/2 + v/klogk. Notice

sum(YI(/Z)) = sum(X}) + sum(Z}?)) =2\ (13 +13) + sum(Z},Z)).

Since Es holds,

sum(YI(/Z)) <2X (82 +13) + klogk. (7.4)
Similarly, since F5 holds,

tr(YY) = 2N (ty + t) + tr(Z37) = 2N (81 + to) — kY log &, (7.5)

and hence since N > k=2 1og? k,

(YY) = 2N (4 + tg) — Nklog ™ k. (7.6)
In the next bit of the proof we show that since we assumed B outputs 0, this means the trace

of YI(,Q) is small, and thus t; + t5 is small. Then we show t; + to small implies that YI(,2) will have

small sum, i.e. fail the sum test and the algorithm outputs 1, a contradiction.
Now, since B output 0, and by unpacking the definition in (7.1), the following must hold:

3
tr(Yp) < Xk, (7.7)
and thus by (7.6) and (7.7) we may deduce that
t1+1t2 < 3k + klog k. (7.8)

Recall that for any y1, y2 with y1,y2 < 1 that y3 +y2 < 7% +min{n?, (y1 +y2 —n)?}. Hence by (7.8)
and since t1,ty < k/2 + vVklogk we have

3+ 13 < (k/2 + VEklogk)? + (k/4)* < Zk? + 263 logk < 1k

Thus by (7.4),
sum (YY) < 2Nk + klog k.

Recalling that X > k=2 1og? k,
sum (YY) < 2NE2 + NE¥?1log ™' k,

and so, inspecting the definition in (7.1), B returns ‘1’, a contradiction, and we have proven
Claim 2a.

Proof of Claim 2b.

FEvent E1 holds w.h.p.
By Lemma 7.5 w.h.p. | S1| < k/2++v/klog k for large k, and similarly for Sy. Hence, P1(E;) = 1—o(1).

FEvents Eo and E3 hold w.h.p.

Let t = |I’| then, as in part 1 of this proof, since Z(?) is independent of I, sum(Z},z)) ~ N(0,2t% —t)
and tr(Z},z)) ~ N(0,t). Also we may assume that |I| € k + vklogk. Thus the events Fy and Fj3
hold by applying Lemma 7.4, as in part 1 of this proof.

This completes the proof of Claim 2b, which concludes the proof of the theorem. O
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7.1 Lemmas used to prove Theorem 7.2

For the Gaussian cloning trick, we note Lemma 10.2 of [BBH18], see also Figure 23 of that paper.
Following notation of that paper, given a distribution P, we denote by P®" (respectively P®m*m)
the distribution (Xi,..., X)) (respectively the distribution on n x n matrix) where the X; are i.i.d
and Xz ~ P.

Lemma 7.3 (Gaussian cloning). Given M ~ L(A + N(0,1)®"*") for any fizred matriz A € R"*",
sample G = N(0,1)®" and set M* = (M + G)/v2 and M? = (M — G)/+/2. then (M, M?) ~

£(LA+ N, 1)®W)®2

The following standard result will help us prove bounds on the noise in the returned block Z§2).

Lemma 7.4. Let X1,..., X, be random wvariables, each of which is distributed as N(O,af) for
some o; < o. Then
P( max X; >o0+/2(logm+r)) <e .
i€l,....m
We finally use a tail bound for binomial random variables that follows, for example, from

Theorems 2.1 and 2.8 of [JLR11].

Lemma 7.5. Let random variables X1, ..., X,, be independent, with 0 < X; < 1 for each j. Let
S =371 Xj and p = E(S). Then

P(|S — p| = zy/p) < 9e~ 57" for0 <z <./p.
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